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WEAKLY GLOBULAR N -FOLD CATEGORIES AS A
MODEL OF WEAK N -CATEGORIES
SIMONA PAOLI
Abstract. We study a new type of higher categorical structure,
called weakly globular n-fold category, previously introduced by
the author. We show that this structure is a model of weak n-
categories by proving that it is suitably equivalent to the Tamsamani-
Simpson model. We also introduce groupoidal weakly globular n-
fold categories and show that they are algebraic models of n-types.
1. Introduction and Summary
Higher category theory is motivated and find applications to diverse
areas, such as homotopy theory [9] [24], algebraic geometry [34], math-
ematical physics [25], logic and computer science [41],[40]. Higher cat-
egories generalize categories: the latter comprises objects and arrows,
while higher categories admit higher arrows (also called higher cells)
and compositions between them.
In a strict higher category the compositions of higher cells are asso-
ciative and unital, like in a category. Although easy to define, strict
higher categories are insufficient for many applications, and the broader
class of weak higher categories is needed. In the latter, compositions
are associative and unital only up to an invertible cell in the next di-
mension, and these associativity and unit isomorphisms are suitably
compatible or coherent.
Making this intuition precise is quite complex: in low dimensions, it
gave rise to the notions of bicategory [6] and tricategory [16], in which
the associtivity and unit isomorphisms and the relative coherence ax-
ioms are given explicitely. In dimension higher than 3, the complexity
of the structure necessitates a different approach: one in which a com-
binatorial machinery can encode the idea of a weak n-category while
the coherence axioms are automatically satisfied.
Several different models of weak n-category exist, using a variety
of techniques such as operads [5], [13], [22], simplicial sets [34], [37],
opetopes [14] and many others.
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Several models have also been developed for weak higher categories
admitting cells in all dimensions, giving rise to notions of (∞, n)-
category [7], [8], [9], [4], [25], [24] as well as weak ω-category [39].
In this work we concentrate on the ’truncated’ case, with cells in
dimensions 0 up to n. This is close to one of the original motivations
for the development of higher categories, namely the modelling of the
building blocks of spaces, the n-types, and it is of fundamental im-
portance for higher category theory. It also leads to applications to
homotopy theory in the search for a combinatorial description of the
k-invariants of spaces and of simplicial categories.
In [28],[30] the author introduced a new higher categorical struc-
ture, the category Catnwg of weakly globular n-fold categories. In this
paper we show that Catnwg constitutes a model of weak n-categories.
We show this by proving that weakly globular n-fold categories are
suitably equivalent to one of the existing models of higher categories,
the Tamsamani n-categories [37], [34] and that they give a model of
n-types in the higher groupoidal case. The latter (also called the homo-
topy hypothesis) is one of the main desiderata from a model of weak
n-categories, while the comparison with the Tamsamani model is a
contribution to the still largely open problem of comparing between
different models of higher categories.
The category Catnwg is based on the simple structure of iterated in-
ternal categories, or n-fold categories. This offers advantages in terms
of applications. In forthcoming projects, we will exploit the n-fold na-
ture of our structure to bridge between the simplicial and operadic ap-
proaches to higher categories, and we will develop algebraically defined
cohomology theories for groupoidal weakly globular n-fold categories
to study the k-invariants of spaces and of simplicial categories.
1.1. The three Segal-type models. Our model lies in the context of
three different Segal-type models: the weakly globular n-fold categories
Catnwg introduced by the author in [28], the Tamsamani n-categories
Tan developed by Tamsamani [37] and Simpson [34], and the weakly
globular Tamsamani n-categories Tanwg introduced by the author in [30].
There are full and faithful embeddings:
Tanwg
Tan
+ 
88qqqqqqqq
Catnwg
4 T
gg◆◆◆◆◆◆◆◆
n-Cat
4 T
ff◆◆◆◆◆◆◆◆ * 

77♦♦♦♦♦♦♦
The category n-Cat of strict n-categories admits a multi-simplicial
description as the full subcategory of (n − 1)-fold simplicial objects
X ∈ [∆n−1
op
,Cat ] satisfying the following
WEAKLY GLOBULAR N-FOLD N-CATEGORIES AS... 3
(i) X0 ∈ [∆
n−2op,Cat ] and X1...1
r
0 ∈ [∆
n−r−2op,Cat ] are discrete -
that is constant multi-simplicial sets - for all 1 ≤ r ≤ n− 2.
Here we use Notation 2.1.
(ii) The Segal maps (see Definition 2.3) in all directions are isomor-
phisms.
The sets X0 (resp. X1...1
r
0) in (i) correspond to the sets of 0-cells (resp.
r-cells) for 1 ≤ r ≤ n− 2; the sets of (n − 1) and n-cells are given by
X1...1
n−1
0 and X1...1
n
respectively.
The isomorphisms of the Segal maps (condition (ii)) ensures that the
composition of cells is associative and unital.
The discreteness condition (i) is also called the globularity condition.
The name comes from the fact that it determines the globular shape
of the cells in a strict n-category. For instance, when n = 2, we can
picture 2-cells as globes
•
f

g
??⇓ ξ •
Strict n-categories have several applications, for instance in homotopy
theory in the groupoidal case where they are equivalent to crossed
n-complexes (see [12]). However, they do not satisfy the homotopy
hypothesis (see [35]) for a counterexample that strict 3-groupoids do
not model 3-types).
Therefore we must relax the structure to obtain a model of weak
n-category. Using the multi-simplicial framework, we consider three
approaches to this:
a) In the first approach, we preserve the globularity condition (i)
and we relax the Segal map condition (ii) by allowing the Se-
gal maps to be suitably defined higher categorical equivalences.
This makes the composition of cells no longer strictly associa-
tive and unital. This approach leads to the category Tan of
weakly globular n-fold categories.
b) In the second approach condition (ii) is preserved while the
globularity condition (i) is replaced by weak globularity: the
objects X0, X1...1
r
0 (1 ≤ r ≤ n − 2) are no longer discrete but
’homotopically discrete’ in a higher categorical sense that allows
iterations. The notion of homotopically discrete n-fold category
is a higher order version of equivalence relations. In particular,
if X is homotopically discrete, it is suitably equivalent to a
discrete n-fold category Xd via a map γ : X → Xd. This
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approach leads to the category Catnwg of weakly globular n-fold
categories.
c) In the third approach, both conditions (i) and (ii) are relaxed.
This leads to the category Tanwg of weakly globular Tamsamani
n-categories.
The following are some common features of the three models, which
we denote collectively by Segn.
(1) Segn is defined inductively on dimension, starting with Seg1 =
Cat and Segn ⊂ [∆
op
, Segn−1]. In particular, unravelling this
definition gives an embedding
Jn : Seg → [∆
n−1op,Cat ] .
(2) The second common feature is the (weak) globularity condition.
Namely, ifX ∈ Segn, thenX0 is a homotopically discrete (n−1)-
fold category, and it is discrete if X ∈ Tan. .
(3) Given X ∈ Segn, we can apply the functor isomorphism classes
of objects functor p : Cat → Set levelwise to JnX ∈ [∆
n−1op,Cat ]
to obtain pJnX ∈ [∆
n−1op, Set]. We require that this is the
multinerve of an object of Segn−1; that is, there is a functor
p(n) : Segn → Segn−1
making the following diagram commute:
Segn
  Jn //
p(n)

[∆n−1
op
,Cat ]
p

Segn−1
 
N(n−1)
// [∆n−2
op
, Set]
The functor p(n), called nth truncation functor, is used to in-
ductively define n-equivalences in Segn.
Given X ∈ Segn and (a, b) ∈ X
d
0 , let X(a, b) ⊂ X1 be the
fiber of the map
X1
(d0,d1)
−−−−→ X0 ×X0
γ×γ
−−→ Xd0 ×X
d
0 .
Then 1-equivalences in Segn are just equivalences of cate-
gories. Inductively, if we defined (n−1)-equivalences in Segn−1,
we say that a map f : X → Y in Segn is a n-equivalence if for
all a, b ∈ X0,
f(a, b) : X(a, b)→ Y (fa, fb)
are (n−1)-equivalences and p(n)f is a (n−1)-equivalence. This
definition is a higher dimensional generalization of a functor
which is fully faithful and essentially surjective on objects.
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(4) Given X ∈ Segn, since X ∈ [∆
op
, Segn−1] and there is a map
γ : X0 → X
d
0 , we can consider the induced Segal maps for
k ≥ 2:
µˆk : Xk → X1×Xd0
k
· · ·×Xd0 X1 .
In defining Segn we require these maps to be (n−1)-equivalences.
Note that when X ∈ Tan, γ = Id, so µˆk are just the Segal maps.
1.2. Main results. Our main result, Corollary 6.9, is that there are
comparison functors
Qn : Ta
n ⇆ Catnwg : Discn
inducing equivalences of categories
Tan/∼n ≃ Cat /∼n
after localization with respect to the n-equivalences. The functor Qn,
called rigidification, was introduced by the author in [30] while the
functor Discn, called discretization, is developed in this paper.
We also introduce (see Definition 7.1) the full subcategory
GCatnwg ⊂ Cat
n
wg
of groupoidal weakly globular n-fold categories and we show (Corollary
7.8) that there is an equivalence of categories
GCatnwg/∼
n ≃ Ho (n-types) .
This means that our model of weak n-categories satisfies the homotopy
hypothesis. A direct construction of the functor
Gn : Top→ GCat
n
wg
was given by Blanc and the author in [10].
1.3. The discretization functor. The idea of the functor Discn is
to replace the homotopically discrete structures in X ∈ Catnwg by their
discretizations in order to recover the globularity condition. This af-
fects the Segal maps, which from being isomorphisms in X become
(n− 1)-equivalences in DiscnX .
We illustrate this in the case n = 2. Given X ∈ Cat2wg, by definition
X0 ∈ Cathd, so there is a discretization map γ : X0 → X
d
0 which is an
equivalence of categories. Given a choice γ′ of pseudo-inverse, we have
γγ′ = Id since Xd0 is discrete.
We can therefore construct D0X ∈ [∆
op
,Cat ] as follows
(D0X)k =
{
Xd0 , k = 0
Xk, k > 0 .
The face maps (D0X)1 ⇒ (D0X)0 are given by γ∂i i = 0, 1 (where ∂i
are the face maps for X) while the degeneracy map (D0X)0 → (D0X)1
is σ0γ
′. All other face and degeneracy maps are as in X . Since γγ′ =
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Id, all simplicial identities are satisfied. By construction, (D0X)0 is
discrete while the Segal maps are given by
X1×X0
k
· · ·×X0 X1 → X1×Xd0
k
· · ·×Xd0 X1
and these are equivalences of categories since X ∈ Cat2wg. Thus, by
definition, D0X ∈ Ta
2. This construction however does not afford a
functor D0 : Cat
2
wg → Ta
2, but only a functor
D0 : Cat
2
wg → (Ta
2)ps
where (Ta2)ps is the full subcategory of Ps[∆
op
,Cat ] whose objects are
in Ta2. This is because, for any morphism F : X → Y in Ta2, the
diagram in Cat
Xd0
fd //
γ′(X0)

Y d0
γ′(Y0)

X0
f
// Y0
in general only pseudo-commutes. Hence D0 cannot be used as a def-
inition of Disc2. To overcome this problem we replace Cat
n
wg with a
category FTanwg where there are functorial choices of sections to the dis-
cretization maps of the homotopically discrete structures, and we then
build the discretization Dn : FTa
n
wg → Ta
n with the above construction
(and its higher dimensional analogue).
The discretization functorDiscn : Cat
n
wg → Ta
n is then the composite
Catnwg
Gn−→ FTanwg
Dn−−→ Tan .
1.4. Organization of the paper. In Section 2 we recall some basic
background on (multi) simplicial techniques. In Section 3 we recall the
three Segal type models from [37] and the author’s works [27], [28],
[30], as well as the construction of the rigidification functor Qn from
[30].
In Section 4 we prove a technical result (Corollary 4.9) which is the
basis of the construction of the category FTanwg of Section 5.
In Section 5 (Proposition 5.4) we build the functor
Gn : Cat
n
wg → FTa
n
wg
and we use this in Section 6 to construct the discretization functor
Discn : Cat
n
wg → Ta
n .
In Section 7 we define the category GCatnwg of groupoidal weakly glob-
ular n-fold categories and we show that it is an algebraic model of
n-types.
Acknowledgements: This work is supported by a Marie Curie
International Reintegration Grant No 256341. I thank the Centre for
WEAKLY GLOBULAR N-FOLD N-CATEGORIES AS... 7
Australian Category Theory for their hospitality and financial support
during August-December 2015, as well as the University of Leicester
for its support during my study leave. I also thank the University of
Chicago for their hospitality and financial support during April 2016.
2. Preliminaries
In this section we review some basic simplicial techniques that we will
use throughout the paper as well as some categorical background on
pseudo-functors and their strictification, and on a technique to produce
pseudo-functors. The material in this section is well-known, see for
instance [11], [15], [20], [31], [21].
2.1. Simplicial objects. Let ∆ be the simplicial category and let ∆n
op
denote the product of n copies of ∆op. Given a category C, [∆n
op
, C] is
called the category of n-simplicial objects in C (simplicial objects in C
when n = 1).
Notation 2.1. IfX ∈ [∆n
op
, C] and k = ([k1], . . . , [kn]) ∈ ∆
nop, we shall
denote X([k1], . . . , [kn]) by X(k1, . . . , kn), as well as Xk1,...,kn and Xk.
We shall also denote k(1, i) = ([k1], . . . , [ki−1], 1, [ki+1], . . . , [kn]) ∈ ∆
nop
for 1 ≤ i ≤ n.
Every n-simplicial object in C can be regarded as a simplicial object
in [∆n−1
op
, C] in n possible ways. For each 1 ≤ i ≤ n there is an
isomorphism
ξi : [∆
nop, C]→ [∆
op
, [∆n−1
op
, C]]
given by
(ξiX)r(k1, . . . , kn−1) = X(k1, . . . , ki−1, r, ki+1, . . . , kn−1)
for X ∈ [∆n
op
, C] and r ∈ ∆op.
Definition 2.2. Let F : C → D be a functor, I a small category.
Denote
F : [I, C]→ [I,D]
the functor given by
(FX)i = F (X(i))
for all i ∈ I.
Definition 2.3. Let X ∈ [∆
op
, C] be a simplicial object in any category
C with pullbacks. For each 1 ≤ j ≤ k and k ≥ 2, let νj : Xk → X1 be
induced by the map [1]→ [k] in ∆ sending 0 to j − 1 and 1 to j. Then
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the following diagram commutes:
Xk
ν1
tt❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥
ν2
⑦⑦
⑦⑦
⑦⑦
⑦
νk
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
X1
d1
⑧⑧
⑧⑧
⑧⑧
⑧
d0
❄
❄❄
❄❄
❄❄
X1
d1
⑧⑧
⑧⑧
⑧⑧
⑧
d0
❅
❅❅
❅❅
❅❅
. . . X1
d1
||③③
③③
③③
③③ d0
❄
❄❄
❄❄
❄❄
X0 X0 X0 . . .X0 X0
(1)
IfX1×X0
k
· · ·×X0 X1 denotes the limit of the lower part of the diagram
(1), the k-th Segal map for X is the unique map
µk : Xk → X1×X0
k
· · ·×X0 X1
such that prj µk = νj where prj is the j
th projection.
Definition 2.4. Let X ∈ [∆
op
, C] and suppose that there is a map
γ : X0 → X
d
0 in C γ : X0 → X
d
0 such that the limit of the diagram
X1
γd1
✄✄
✄✄
✄✄
✄
γd0
❀
❀❀
❀❀
❀❀
X1
γd1
✄✄
✄✄
✄✄
✄
γd0
  ❆
❆❆
❆❆
❆❆
❆
· · · k · · · X1
γd1
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ γd0
❀
❀❀
❀❀
❀❀
Xd0 X
d
0 X
d
0 · · · · · ·X
d
0 X
d
0
exists; denote the latter by X1×Xd0
k
· · ·×Xd0 X1. Then the following
diagram commutes, where νj is as in Definition 2.3, and k ≥ 2
Xk
ν1
tt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐
ν2
⑦⑦
⑦⑦
⑦⑦
⑦
νk
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
X1
γd1
⑧⑧
⑧⑧
⑧⑧
⑧
γd0
❄
❄❄
❄❄
❄❄
X1
γd1
⑧⑧
⑧⑧
⑧⑧
⑧
γd0
❄
❄❄
❄❄
❄❄
. . . X1
γd1
}}③③
③③
③③
③③ γd0
❄
❄❄
❄❄
❄❄
Xd0 X
d
0 X
d
0 . . .X
d
0 X
d
0
The k-th induced Segal map for X is the unique map
µˆk : Xk → X1×Xd0
k
· · ·×Xd0 X1
such that prj µˆk = νj where prj is the j
th projection.
2.2. n-Fold internal categories. Let C be a category with finite lim-
its. An internal category X in C is a diagram in C
X1×X0 X1
m // X1
d0 //
d1 // X0
s
oo
(2)
wherem, d0, d1, s satisfy the usual axioms of a category (see for instance
[11] for details). An internal functor is a morphism of diagrams like
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(2) commuting in the obvious way. We denote by Cat C the category
of internal categories and internal functors.
The category Catn(C) of n-fold categories in C is defined induc-
tively by iterating n times the internal category construction. That
is, Cat1(C) = Cat and, for n > 1,
Catn(C) = Cat (Catn−1(C)).
When C = Set, Catn(Set) is simply denoted by Catn and called the
category of n-fold categories (double categories when n = 2).
2.3. Nerve functors. There is a nerve functor
N : Cat C → [∆
op
, C]
such that, for X ∈ Cat C
(NX)k =


X0, k = 0;
X1, k = 1;
X1×X0
k
· · ·×X0 X1, k > 1.
When no ambiguity arises, we shall sometimes denote (NX)k by Xk
for all k ≥ 0.
The following fact is well known:
Proposition 2.5. A simplicial object in C is the nerve of an internal
category in C if and only if all the Segal maps are isomorphisms.
By iterating the nerve construction, we obtain the multinerve functor
N(n) : Cat
n(C)→ [∆n
op
, C] .
Definition 2.6. An internal n-fold category X ∈ Catn(C) is said to be
discrete if N(n)X is a constant functor.
Each object of Catn(C) can be considered as an internal category in
Catn−1(C) in n possible ways, corresponding to the n simplicial direc-
tions of its multinerve. To prove this, we use the following lemma,
which is a straightforward consequence of the definitions.
Lemma 2.7.
a) X ∈ [∆n
op
, C] is the multinerve of an n-fold category in C if and
only if, for all 1 ≤ r ≤ n and [p1], . . . , [pr] ∈ ∆
op, pr ≥ 2
X(p1, ..., pr, -) ∼=
∼= X(p1, ..., pr−1, 1, -)×X(p1,...,pr−1,0,-)
pr
· · ·×X(p1,...,pr−1,0,-) X(p1, ..., pr−1, 1, -)
(3)
b) Let X ∈ Catn(C). For each 1 ≤ k ≤ n, [i] ∈ ∆op, there is
X
(k)
i ∈ Cat
n−1(C) with
N(n−1)X
(k)
i (p1, . . . , pn−1) = N(n)X(p1, . . . , pk−1, i, pk, . . . , pn−1)
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Proof.
a) By induction on n. By Proposition 2.5, it is true for n = 1.
Suppose it holds for n − 1 and let X ∈ Cat (Catn−1(C)) with objects
of objects (resp. arrows) X0 (resp. X1); denote (NX)p = Xp. By
definition of the multinerve
(N(n)X)(p1, . . . , pr, -) = N(n−1)Xp1(p2, . . . , pr, -) .
Hence using the induction hypothesis
N(n)X(p1...pr -) = N(n−1)Xp1(p2...pr -)
∼=
∼= N(n−1)Xp1(p2...pr−1 1 -)×N(n−1)Xp1 (p2...pr−1 0 -)
pr
· · ·×N(n−1)Xp1 (p2...pr−1 0 -) N(n−1)Xp1(p2...pr−1 1 -) =
= N(n)X(p1...pr−1 1 -)×N(n)X(p1...pr−1 0 -)
pr
· · ·×N(n)X(p1...pr−1 0 -) N(n)X(p1...pr−1 1 -).
Conversely, supposeX ∈ [∆n
op
, C] satisfies (3). Then for each [p] ∈ ∆op,
X(p, -) satisfies (3), hence
X(p, -) = N(n−1)Xp
for Xp ∈ Cat
n−1(C). Also, by induction hypothesis
X(p, -) = X(1, -)×X(0,-)
p
· · ·×X(0,-) X(1, -) .
Thus we have the object X ∈ Catn(C) with objects X0, arrows X1 and
Xp = X(p, -) as above.
b) By part a), there is an isomorphism for pr ≥ 2
N(n)X(p1...pn) =
N(n)X(p1...pr−1 1...pn)×N(n)X(p1...pr−1 0...pn)
pr
· · ·×N(n)X(p1...pr−1 0...pn) N(n)X(p1...pr−1 1...pn) .
In particular, evaluating this at pk = i, this is saying the (n − 1)-
simplicial group taking (p1...pn) to N(n)X(p1...pk−1 i...pn−1) satisfies
condition (3) in part a). Hence by part a) there exists X
(k)
i with
N(n−1)X
(k)
i (p1...pn−1) = N(n)X(p1...pk−1 i...pn−1)
as required. 
Proposition 2.8. For each 1 ≤ k ≤ n there is an isomorphism ξk :
Catn(C) → Catn(C) which associates to X = Catn(C) an object ξkX of
Cat (Catn−1(C)) with
(ξkX)i = X
(k)
i i = 0, 1
with X
(k)
i as in Lemma 2.7.
Proof. Consider the object of [∆
op
, [∆n−1
op
, C]] taking i to the (n− 1)-
simplicial object associating to (p1, ..., pn−1) the object
N(n)X(p1...pk−1 i pk+1...pn−1) .
WEAKLY GLOBULAR N-FOLD N-CATEGORIES AS... 11
By Lemma 2.7 b), the latter is the multinerve of X
(k)
i ∈ Cat
n−1(C).
Further, by Lemma 2.7 a), we have
N(n−1)X
(k)
i
∼= N(n−1)X
(k)
1 ×N(n−1)X(k)0
i
· · ·×
N(n−1)X
(k)
0
N(n−1)X
(k)
1 .
Hence N(n)X as a simplicial object in [∆
n−1op, C] along the kth direction,
has
(N(n)X)i =
{
N(n−1)X
(k)
i , i = 0, 1;
N(n−1)(X
(k)
1 ×X(k)0
i
· · ·×
X
(k)
0
X
(k)
1 ), for i ≥ 2.
This defines ξkX ∈ Cat (Cat
n−1(C)) with
(ξkX)i = N(n−1)X
(k)
i i = 0, 1 .
We now define the inverse for ξk. Let X ∈ Cat (Cat
n−1(C)), and let
Xi = X1×X0
i
· · ·×X0 X1 for i ≥ 2. The n-simplicial object Xk taking
(p1, . . . , pn) to
N(n)Xpk(p1...pk−1pk+1...pn)
satisfies condition (3), as easily seen. Hence by Lemma 2.7 there is
ξ′kX ∈ Cat
nC such that N(n)ξ
′
kX = Xk. It is immediate to check that
ξk and ξ
′
k are inverse bijections. 
Definition 2.9. The nerve functor in the kth direction is defined as
the composite
N (k) : Catn(C)
ξk−→ Cat (Catn−1(C))
N
−→ [∆
op
,Catn−1(C)]
so that, in the above notation,
(N (k)X)i = X
(k)
i i = 0, 1 .
Note that N(n) = N
(n)...N (2)N (1).
Notation 2.10. When C = Set we shall denote
Jn = N
(n−1) . . . N (1) : Catn → [∆n−1
op
,Cat ] .
Thus Jn amounts to taking the nerve construction in all but the
last simplicial direction. The functor Jn is fully faithful, thus we can
identify Catn with the image Jn(Cat
n) of the functor Jn.
Given X ∈ Catn, when no ambiguity arises we shall denote, for each
(s1, . . . , sn−1) ∈ ∆
n−1op
Xs1,...,sn−1 = (JnX)s1,...,sn−1 ∈ Cat
and more generally, if 1 ≤ j ≤ n− 1,
Xs1,...,sj = (N
(j) . . . N (1)X)s1,...,sj ∈ Cat
n−j .
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Let ob : Cat C → C be the object of object functor. The left adjoint to
ob is the discrete internal category functor d. By Proposition 2.8 we
then have
CatnC
ξn
∼= Cat (Catn−1C)
ob //
Catn−1C .
d
oo
We denote
d(n) = ξ−1n ◦ d for n > 1, d
(1) = d .
Thus d(n) is the discrete inclusion of Catn−1C into CatnC in the nth
direction.
The following is a characterization of objects of [∆n−1
op
,Cat ] in the
image of the functor Jn in 2.10.
Lemma 2.11. Let L ∈ [∆n−1
op
,Cat ] be such that, for all k ∈ ∆n−1
op
,
1 ≤ i ≤ n− 1 and ki ≥ 2, the Segal maps are isomorphisms:
Lk ∼= Lk(1,i)×Lk(0,i)
ki
· · ·×Lk(0,i) Lk(1,i) . (4)
Then L ∈ Catn.
Proof. By induction on n. When n = 2, L ∈ [∆
op
,Cat ], k ∈ ∆op, i = 1,
k(1, i) = 1, k(0, i) = 0, ki = k = 2 and
Lk ∼= L1×L0
k
· · ·×L0 L1 .
Thus by Proposition 2.5, L ∈ Cat2.
Suppose the lemma holds for (n−1) and let L ∈ [∆n−1
op
,Cat ] be as in
the hypothesis. Consider Lj ∈ [∆
n−2op,Cat ] for j ≥ 0. Let r ∈ ∆n−2
op
and denote k = (j, r) ∈ ∆n−1
op
. Then, for any 2 ≤ i ≤ n− 1, ki = ri−1
and
Lk = (Lj)r, Lk(1,i) = (Lj)r(1,i−1), Lk(0,i) = (Lj)r(0,i−1) .
Therefore (4) implies
(Lj)r = (Lj)r(1,i−1)×(Lj)r(0,i−1)
ri−1
· · ·×(Lj)r(0,i−1) (Lj)r(1,i−1) .
This means that Lj satisfies the inductive hypothesis and therefore
Lj ∈ Cat
n−1. Taking i = 1 in (4) we see that, for each k1 ≥ 2 and
r = (k2, . . . , kn−1) ∈ ∆
n−2op,
(Lk1)r = (L1)r×(L0)r
k1
· · ·×(L0)r (L1)r .
That is, we have isomorphisms in Catn−1
Lk1
∼= L1×L0
k1
· · ·×L0 L1 .
We conclude from Proposition 2.5 that L ∈ Catn.

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Lemma 2.12. Let P be the pullback in [∆n−1
op
,Cat ] of the diagram in
A → C ← B. Suppose that for each k ≥ 2 there are isomorphisms of
Segal maps in [∆n−2
op
,Cat ]
Ak ∼= A1×A0
k
· · ·×A0A1, Ck
∼= C1×C0
k
· · ·×C0C1, Bk
∼= B1×B0
k
· · ·×B0B1 .
Then Pk ∼= P1×P0
k
· · ·×P0 P1.
Proof. We show this for k = 2, the case k > 2 being similar. Since the
nerve functor N : Cat → [∆
op
, Set] commutes with pullbacks (as it is
right adjoint) and pullbacks in [∆n−1
op
,Cat ] are computed pointwise,
for each s ∈ ∆n−1
op
we have a pullback in Set
(NP )2s //

(NA)2s

(NC)2s // (NC)2s
where
(NA)2s = (NA)1s×(NA)0s (NA)1s
and similarly for NC and NB. We then calculate
(NP )2s = (NA)2s×(NC)2s (NB)2s =
= {(NA)1s×(NA)0s (NA)1s}×(NC)1s ×(NC)0s (NC)1s {(NB)1s×(NB)0s (NB)1s}
∼=
∼= {(NB)1s×(NC)0s (NB)1s}×(NA)1s ×(NC)0s (NA)1s {(NB)1s×(NC)0s (NB)1s} =
= (NP )1s×(NP )0s (NP )1s .
In the above, the isomorphism before the last takes (x1, x2, x3, x4) to
(x1, x3, x2, x4). Since this holds for all s, it follows that
P2 ∼= P1×P0 P1 .
The case k > 2 is similar.

2.4. Some functors on Cat . The connected component functor
q : Cat → Set
associates to a category its set of paths components. This is left adjoint
to the discrete category functor
d(1) : Set→ Cat
associating to a set X the discrete category on that set. We denote by
γ(1) : Id⇒ d(1)q
the unit of the adjunction q ⊣ d(1).
Lemma 2.13. q preserves fiber products over discrete objects and sends
equivalences of categories to isomorphisms.
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Proof. We claim that q preserves products; that is, given categories C
and D, there is a bijection
q(C × D) = q(C)× q(D) .
In fact, given (c, d) ∈ q(C ×D) the map q(C ×D)→ q(C)× q(D) given
by [(c, d)] = ([c], [d]) is well defined and is clearly surjective. On the
other hand, this map is also injective: given [(c, d)] and [(c′, d′)] with
[c] = [c′] and [d] = [d′], we have paths in C
c −−− · · · −−− c′
d −−− · · · −−− d′
and hence a path in C × D
(c, d) −−− · · · −−− (c′, d) −−− · · · −−− (c′, d′) .
Thus [(c, d)] = [(c′, d′)] and so the map is also injective, hence it is a
bijection, as claimed.
Given a diagram in Cat C
f
// E D
g
oo with E discrete, we have
C×E D =
∐
x∈E
Cx ×Dx (5)
where Cx, Dx are the full subcategories of C and D with objects c, d
such that f(c) = x = g(d). Since q preserves products and (being left
adjoint) coproducts, we conclude by (5) that
q(C×E D) ∼= q(C)×E q(D) .
Finally, if F : C ≃ D : G is an equivalence of categories, FG C ∼= C and
FGD ∼= D which implies that qF qG C ∼= qC and qF qGD ∼= qD, so qC
and qD are isomorphic. 
The isomorphism classes of objects functot
p : Cat → Set
associates to a category the set of isomorphism classes of its objects.
Notice that if C is a groupoid, pC = qC.
2.5. Pseudo-functors and their strictification. We recall the clas-
sical theory of strictification of pseudo-functors, see [31], [21].
The functor 2-category [∆n
op
,Cat ] is 2-monadic over [ob(∆n
op
),Cat ]
where ob(∆n
op
) is the set of objects of ∆n
op
. Let
U : [∆n
op
,Cat ]→ [ob(∆n
op
),Cat ]
be the forgetful functor (UX)k = Xk. Its left adjoint F is given on
objects by
(FH)k =
∐
r∈ob(∆n
op
)
∆n
op
(r, k)×Hr
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for H ∈ [ob(∆n−1
op
),Cat ], k ∈ ob(∆n−1
op
). If T is the monad corre-
sponding to the adjunction F ⊣ U , then
(TH)k =
∐
r∈ob(∆n
op
)
∆n
op
(r, k)×Hr
A pseudo T -algebra is given by H ∈ [ob(∆n
op
),Cat ],
hn :
∐
r∈ob(∆n
op
)
∆n
op
(r, k)×Hr → Hk
and additional data, as described in [31]. This amounts precisely to
functors from ∆n
op
to Cat and the 2-category Ps-T-alg of pseudo T -
algebras corresponds to the 2-category Ps[∆n
op
,Cat ] of pseudo-functors,
pseudo-natural transformations and modifications.
The strictification result proved in [31] yields that every pseudo-
functor from ∆n
op
to Cat is equivalent, in Ps[∆n
op
,Cat ], to a 2-functor.
Given a pseudo T -algebra as above, [31] consider the factorization of
h : TH → H as
TH
v
−→ L
g
−→ H
with vk bijective on objects and gk fully faithful, for each k ∈ ∆
nop. It
is shown in [31] that it is possible to give a strict T -algebra structure
TL → L such that (g, Tg) is an equivalence of pseudo T -algebras. It
is immediate to see that, for each k ∈ ∆n
op
, gk is an equivalence of
categories.
Further, it is shown in [21] that St : Ps[∆n
op
,Cat ] → [∆n
op
,Cat ] as
described above is left adjoint to the inclusion
J : [∆n
op
,Cat ]→ Ps[∆n
op
,Cat ]
and that the components of the units are equivalences in Ps[∆n
op
,Cat ].
2.6. Transport of structure. We now recall a general categorical
technique, known as transport of structure along an adjunction, with
one of its applications. This will be used crucially in the proof of
Theorem 3.15.
Theorem 2.14. [20, Theorem 6.1] Given an equivalence η, ε : f ⊣ f ∗ :
A→ B in the complete and locally small 2-category A, and an algebra
(A, a) for the monad T = (T, i,m) on A, the equivalence enriches to
an equivalence
η, ε : (f,
=
f) ⊢ (f ∗,
=
f ∗) : (A, a)→ (B, b, bˆ, b)
in Ps-T -alg, where bˆ = η, b = f ∗a · Tε · Ta · T 2f ,
=
f = ε−1a · Tf ,
=
f ∗ = f ∗a · Tε.
Let η′, ε′ : f ′ ⊢ f ′∗ : A′ → B′ be another equivalence in A and
let (B′, b′, bˆ′, b′) be the corresponding pseudo-T -algebra as in Theorem
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2.14. Suppose g : (A, a) → (A′, a′) is a morphism in A and γ is an
invertible 2-cell in A
B
B′
A
A′
f∗oo
h

f ′∗
oo
g

γ
Let γ be the invertible 2-cell given by the following pasting:
TB TB′
B B′
TA TA′
A A′
Th //
b

b′

h
//
Tg
//
 g //
Tf∗
__❄❄❄❄❄❄
f∗⑧⑧
⑧⑧
⑧⑧
Tf ′∗
??⑧⑧⑧⑧⑧⑧
f ′∗
❄
❄❄
❄❄
❄
(Tγ)−1
γ
=
f ′∗
=
f∗
Then it is not difficult to show that (h, γ) : (B, b, bˆ, b) → (B′, b′, bˆ′, b′)
is a pseudo-T -algebra morphism.
The following fact is essentially known and, as sketched in the proof
below, it is an instance of Theorem 2.14
Lemma 2.15. [26] Let C be a small 2-category, F, F ′ : C → Cat be
2-functors, α : F → F ′ a 2-natural transformation. Suppose that, for
all objects C of C, the following conditions hold:
i) G(C), G′(C) are objects of Cat and there are adjoint equiva-
lences of categories µC ⊢ ηC, µ
′
C ⊢ η
′
C,
µC : G(C) ⇄ F (C) : ηC µ
′
C : G
′(C) ⇄ F ′(C) : η′C ,
ii) there are functors βC : G(C)→ G
′(C),
iii) there is an invertible 2-cell
γC : βC ηC ⇒ η
′
C αC .
Then
a) There exists a pseudo-functor G : C → Cat given on objects
by G(C), and pseudo-natural transformations η : F → G, µ :
G → F with η(C) = ηC, µ(C) = µC; these are part of an
adjoint equivalence µ ⊢ η in the 2-category Ps[C,Cat ].
b) There is a pseudo-natural transformation β : G → G′ with
β(C) = βC and an invertible 2-cell in Ps[C,Cat ], γ : βη ⇒ ηα
with γ(C) = γC.
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Proof. Recall [31] that the functor 2-category [C,Cat ] is 2-monadic over
[ob(C),Cat ], where ob(C) is the set of objects in C. Let
U : [C,Cat ]→ [ob(C),Cat ]
be the forgetful functor. Let T be the 2-monad; then the pseudo-T -
algebras are precisely the pseudo-functors from C to Cat .
Then the adjoint equivalences µC ⊢ ηC amount precisely to an ad-
joint equivalence in [ob(C),Cat ], µ0 ⊢ η0, µ0 : G0 ⇄ UF : η0
where G0(C) = G(C) for all C ∈ ob(C). This equivalence enriches to
an adjoint equivalence µ ⊢ η in Ps[C,Cat ]
µ : G ⇄ F : η
between F and a pseudo-functor G; it is UG = G0, Uη = η0, Uµ =
µ0; hence on objects G is given by G(C), and η(C) = Uη(C) = ηC ,
µ(C) = Uµ(C) = µC.
Let νC : IdG(C) ⇒ ηCµC and εC : µCηC ⇒ IdF (C) be the unit and
counit of the adjunction µC ⊢ ηC . Given a morphism f : C → D in C,
it is
G(f) = ηDF (f)µC
and we have natural isomorphisms:
ηf : G(f)ηC = ηDF (f)µCηC
ηDF (f)εC
====⇒ ηDF (f)
µf : F (f)µC
νF (f)µC
===⇒ µDηDF (f)µC = µDG(f).
Also, the natural isomorphism
βf : G
′(f)βC ⇒ βDG(f)
is the result of the following pasting
G(C) G′(C)
G(D) G′(D)
F (C) F ′(C)
F (D) F ′(D)
βC //
G(f)

G′(f)

βD
//
αC //
F (f)

F ′(f)

α′D
//
__❄❄❄❄❄
⑧⑧
⑧⑧
⑧
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
γC
γ−1
D
η′
fηf

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3. The three Segal-type models
3.1. Homotopically discrete n-fold categories. We first recall the
category of homotopically discrete n-fold categories, introduced by the
author in [27]. This is needed to define weakly globular n-fold cate-
gories.
Definition 3.1. Define inductively the full subcategory Catnhd ⊂ Cat
n
of homotopically discrete n-fold categories.
For n = 1, Cat1hd = Cathd is the category of equivalence relations.
Denote by p(1) = p : Cat → Set the isomorphism classes of objects
functor.
Suppose, inductively, that for each 1 ≤ k ≤ n−1 we defined Catkhd ⊂
Catk and k-equivalences such that the following holds:
a) The kth direction in Catkhd is groupoidal; that is, if X ∈ Cat
k
hd,
ξkX ∈ Gpd(Cat
k−1) (where ξkX is as in Proposition 2.8).
b) There is a functor p(k) : Catkhd → Cat
k−1
hd making the following
diagram commute:
Catkhd
N(k−1)...N(1) //
p(k)

[∆k−1
op
,Cat ]
p¯

Catk−1hd N(k−1)
// [∆k−1
op
, Set]
(6)
Note that this implies that (p(k)X)s1...sk−1 = pXs1...sk−1 for all
(s1...sk−1) ∈ ∆
k−1op.
Catnhd is the full subcategory of [∆
op
,Catn−1hd ] whose objects X are
such that
(i) Xs ∼= X1×X0
s
· · ·×X0 X1 for all s ≥ 2.
In particular this implies that X ∈ Cat (Gpd(Catn−2)) =
Gpd(Catn−1) and the nth direction in X is groupoidal.
(ii) The functor
p¯(n−1) : Catnhd ⊂ [∆
op
,Catn−1hd ]→ [∆
op
,Catn−2hd ]
restricts to a functor
p(n) : Catnhd → Cat
n−1
hd
Note that this implies that (p(n)X)s1...sn−1 = pXs1...sn−1 and that
the following diagram commutes
Catnhd
N(n−1)...N(1) //
p(n)

[∆n−1
op
,Cat ]
p¯

Catn−1hd N(n−1)
// [∆n−1
op
, Set]
(7)
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Definition 3.2. Denote by γ
(n)
X : X → d
(n)p(n)X the morphism given
by
(γ
(n)
X )s1...sn−1 : Xs1...sn−1 → dpXs1...sn−1
for all (s1, ..., sn−1) ∈ ∆
n−1op. Denote by
Xd = d(n)d(n−1)...d(1)p(1)p(2)...p(n)X
and by γ(n) the composite
X
γ(n)
−−→ d(n)p(n)X
d(n)γ(n−1)
−−−−−−→ d(n)d(n−1)p(n−1)p(n)X → · · · → Xd .
For each a, b ∈ Xd0 denote by X(a, b) the fiber at (a, b) of the map
X1
(d0,d1)
−−−−→ X0 ×X0
γ(n)×γ(n)
−−−−−→ Xd0 ×X
d
0 .
Definition 3.3. Define inductively n-equivalences in Catnhd. For n = 1,
a 1-equivalence is an equivalence of categories. Suppose we defined
(n− 1)-equivalences in Catn−1hd . Then a map f : X → Y in Cat
n
hd is an
n-equivalence if, for all a, b ∈ Xd0 , f(a, b) : X(a, b) → Y (fa, fb) and
p(n)f are (n− 1)-equivalences.
3.2. Weakly globular n-fold categories.
Definition 3.4. For n = 1, Cat1wg = Cat and 1-equivalences are equiv-
alences of categories.
Suppose, inductively, that we defined Catn−1wg and (n−1)-equivalences.
Then Catnwg is the full subcategory of [∆
op
,Catn−1wg ] whose objects X are
such that
a) Weak globularity condition X0 ∈ Cat
n−1
hd .
b) Segal condition For all k ≥ 2 the Segal maps are isomorphisms:
Xk ∼= X1×X0
k
· · ·×X0 X1 .
c) Induced Segal condition For all k ≥ 2 the induced Segal maps
Xk → X1×Xd0
k
· · ·×Xd0 X1
(induced by the map γ : X0 → X
d
0 ) are (n− 1)-equivalences.
d) Truncation functor There is a functor p(n) : Catnwg → Cat
n−1
wg
making the following diagram commute
Catnwg
Jn //
p(n)

[∆n−1
op
,Cat ]
p

Catn−1wg
N(n−1) // [∆n−1
op
, Set]
Given a, b ∈ Xd0 , denote by X(a, b) the fiber at (a, b) of the map
X1
(∂0,∂1)
−−−−→ X0 ×X0
γ×γ
−−→ Xd0 ×X
d
0 .
We say that a map f : X → Y in Catnwg is an n-equivalence if
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i) For all a, b ∈ Xd0
f(a, b) : X(a, b)→ Y (fa, fb)
is an (n− 1)-equivalence.
ii) p(n)f is an (n− 1)-equivalence.
This completes the inductive step in the definition of Catnwg.
Remark 3.5. It follows by Definition 3.4, Definition 3.1 and [28,
Proposition 3.4] that Catnhd ⊂ Cat
n
wg.
3.3. Weakly globular Tamsamani n-categories.
Definition 3.6. We define the category Tanwg by induction on n. For
n = 1, Ta1wg = Cat and 1-equivalences are equivalences of categories.
We denote by p(1) = p : Cat → Set the isomorphism classes of object
functor.
Suppose, inductively, that we defined for each 1 < k ≤ n− 1
Takwg
  // [∆k−1
op
,Cat ]
and k-equivalences in Takwg as well as a functor
p(k) : Takwg → Ta
k−1
wg
sending k-equivalences to (k−1)-equivalences and making the following
diagram commute:
Takwg
Jk //
p(k)

[∆k−1
op
,Cat ]
p

Tak−1wg
N(k−1) // [∆k−1
op
, Set]
(8)
Define Tanwg to be the full subcategory of [∆
op
,Tan−1wg ] whose objects X
are such that
a) Weak globularity condition X0 ∈ Cat
n−1
hd .
b) Induced Segal maps condition. For all s ≥ 2 the induced Segal
maps
Xs → X1×Xd0
s
· · ·×Xd0 X1
(induced by the map γ : X0 → X
d
0 ) are (n− 1)-equivalences.
To complete the inductive step, we need to define p(n) and n-equivalences.
Note that the functor
p(n−1) : [∆
op
,Tan−1wg ]→ [∆
op
,Tan−2wg ]
restricts to a functor
p(n) : Tanwg → Ta
n−1
wg .
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In fact, by (8) p(n−1) preserves pullbacks over discrete objects so that
p(n−1)(X1×Xd0
s
· · ·×Xd0 X1)
∼= p(n−1)X1×(p(n−1)Xd0 )
s
· · ·×(p(n−1)Xd0 ) p
(n−1)X1 .
Further, p(n−1)Xd0 = (p
(n−1)X0)
d and p(n−1) sends (n− 1)-equivalences
to (n− 2)-equivalences.
Therefore, the induced Segal maps for s ≥ 2
Xs → X1×Xd0
s
· · ·×Xd0 X1
being (n− 1)-equivalences, give rise to (n− 2)-equivalences
p(n−1)Xs → p
(n−1)X1×(p(n−1)X0)d
s
· · ·×(p(n−1)X0)d p
(n−1)X1 .
This shows that p(n)X ∈ Tan−1wg . It is immediate that (8) holds at step
n.
Given a, b ∈ Xd0 , denote by X(a, b) the fiber at (a, b) of the map
X1
(∂0,∂1)
−−−−→ X0 ×X0
γ×γ
−−→ Xd0 ×X
d
0 .
We say that a map f : X → Y in Tanwg is an n-equivalence if
i) For all a, b ∈ Xd0
f(a, b) : X(a, b)→ Y (fa, fb)
is an (n− 1)-equivalence.
ii) p(n)f is an (n− 1)-equivalence.
This completes the inductive step in the definition of Tanwg.
Remark 3.7. It follows by Definition 3.4 that Catnwg ⊂ Ta
n
wg.
Definition 3.8. An object X ∈ Tanwg is called discrete if N(n−1)X is a
constant functor.
Example 3.9. Tamsamani n-categories.
A special case of weakly globular Tamsamani n-category occurs when
X ∈ Tanwg is such that X0 and X r1...10
are discrete for all 1 ≤ r ≤ n− 2.
The resulting category is the category Tan of Tamsamani’s n-categories.
Note that, ifX ∈ Tan thenXs ∈ Ta
n−1 for all n, the induced Segal maps
µˆs coincide with the Segal maps
νs : Xs → X1×X0
s
· · ·×X0 X1
and p(n)X ∈ Tan−1. Hence this recovers the original definition of Tam-
samani’s weak n-category [37].
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3.4. Segalic pseudo-functors. We now recall the notion of Segalic
pseudo-functor from [28].
Let H ∈ Ps[∆n
op
,Cat ] be such that Hk(0,i) is discrete for all k ∈
∆n−1
op
and all i ≥ 0. Then the following diagram commutes, for each
ki ≥ 2.
Hk
Hk(1,i) Hk(1,i) Hk(1,i)
Hk(0,i) Hk(0,i) Hk(0,i) Hk(0,i) Hk(0,i)
· · ·
· · ·
ν1
zz✈✈
✈✈
✈✈
✈✈
✈✈
✈
ν2
		✒✒
✒✒
✒✒
✒
νk
&&▼▼
▼▼▼
▼▼▼
▼▼▼
▼▼▼
d1
✞✞
✞✞
✞
d0
✴
✴✴
✴✴
d1✞✞
✞✞
✞
d0
✴
✴✴
✴✴ d1
✞✞
✞✞
✞ d0
✼
✼✼
✼✼
There is therefore a unique Segal map
Hk → Hk(1,i)×Hk(0,i)
ki
· · ·×Hk(0,i) Hk(1,i) .
Definition 3.10. We define the subcategory SegPs[∆n
op
,Cat ] of
Ps[∆n
op
,Cat ] as follows:
For n = 1, H ∈ SegPs[∆
op
,Cat ] if H0 is discrete and the Segal maps
are isomorphisms: that is, for all k ≥ 2
Hk ∼= H1×H0
k
· · ·×H0 H1
Note that, since p commutes with pullbacks over discrete objects, there
is a functor
p(2) : SegPs[∆
op
,Cat ]→ Cat ,
(p(2)X)k = pXk .
That is the following diagram commutes:
SegPs[∆
op
,Cat ] 
 //
p(2)

Ps[∆
op
,Cat ]
p

Cat // [∆
op
, Set]
When n > 1, SegPs[∆n
op
,Cat ] is the full subcategory of Ps[∆n
op
,Cat ]
whose objects H satisfy the following:
a) Discreteness condition: Hk(0,i) is discrete for all k ∈ ∆
n−1op and
1 ≤ i ≤ n.
b) Segal condition: All Segal maps are isomorphisms
Hk ∼= Hk(1,i)×Hk(0,i)
ki
· · ·×Hk(0,i) Hk(1,i)
for all k ∈ ∆n−1
op
, 1 ≤ i ≤ n and ki ≥ 2.
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c) Truncation functor : There is a functor
p(n+1) : SegPs[∆n
op
,Cat ]→ Catnwg
making the following diagram commute:
SegPs[∆n
op
,Cat ] 
 //
p(n+1)

Ps[∆n
op
,Cat ]
p

Catnwg N(n)
// [∆n
op
, Set]
The main property of Segalic pseudo-functors is the theorem below
stating that that the classical strictification of pseudo-functors, when
applied to a Segalic pseudo-functors, yields weakly globular n-fold cat-
egories.
Theorem 3.11. [28, Theorem 4.5] The strictification functor
St : Ps[∆n−1
op
,Cat ]→ [∆n−1
op
,Cat ]
restricts to a functor
Ln : SegPs[∆
n−1op,Cat ]→ JnCat
n
wg
where JnCat
n
wg denotes the image of the fully faithful functor Jn :
Catnwg → [∆
n−1op,Cat ] . Further, for each H ∈ SegPs[∆n−1
op
,Cat ] and
k ∈ ∆n−1
op
, the map (LnH)k → Hk is an equivalence of categories.
3.5. From weakly globular Tamsamani n-categories to Segalic
pseudo-functors.
Definition 3.12. Define inductively the subcategory LTanwg ⊂ Ta
n
wg.
For n = 2, LTa2wg = Ta
2
wg. Suppose we defined LTa
n−1
wg ⊂ Ta
n
wg. Let
LTanwg be the full subcategory of Ta
n
wg whose objects X are such that
i) Xk ∈ LTa
n−1
wg for all k ≥ 0.
ii) The maps in [∆n−2
op
,Cat ]
vk : Jn−1Xk → Jn−1(X1×d(n−1)p(n−1)X0
k
· · ·×d(n−1)p(n−1)X0 X1)
are levelwise equivalences of categories for all k ≥ 2
iii) p(n)X ∈ Catn−1wg .
Notation 3.13. Let X ∈ Tanwg, k = (k1, . . . , kn−1) ∈ ∆
n−1op, 1 ≤ i ≤
n− 1. Then there is X ik ∈ [∆
op
,Cat ] with
(X ik)r = Xk(r,i) = Xk1...ki−1rki+1...kn−1
so that (X ik)ki = Xk. Since Xk1,...,ki−1 ∈ Ta
n−i+1
wg , Xk1,...,ki−10 ∈ Cat
n−i
hd
and thus by [27, Lemma 3.1]
Xk1...ki−10ki+1...kn−1 = Xk(0,i) ∈ Cathd.
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We therefore obtain induced Segal maps in Cat for all ki ≥ 2.
ν(k, i) : Xk → Xk(1,i)×Xd
k(0,i)
ki
· · ·×Xd
k(0,i)
Xk(1,i) . (9)
Lemma 3.14. [30, Lemma 7.2] Let X ∈ LTanwg; then for each k ∈
∆n−1
op
, 1 ≤ i ≤ n − 1 and ki ≥ 2 the maps ν(k, i) as in (9) are
equivalences of categories.
Theorem 3.15. [30, Theorem 7.3] There is a functor
Trn : LTa
n
wg → SegPs[∆
n−1op,Cat ]
together with a pseudo-natural transformation tn(X) : TrnX → X for
each X ∈ LTanwg which is a levelwise equivalence of categories.
As explained in [30], for each X ∈ LTanwg, k ∈ ∆
n−1op, 1 ≤ i ≤ n− 1
we have
i) If kj = 0 for some 1 ≤ j ≤ n− 1
(TrnX)k = X
d
k .
ii) If kj 6= 0 for all 1 ≤ j ≤ n− 1 and ki = 1,
(TrnX)k = Xk(1,i) = Xk .
iii) If kj 6= 0 for all 1 ≤ j ≤ n− 1 and ki > 1,
(TrnX)k = Xk(1,i)×Xd
k(0,i)
ki
· · ·×Xd
k(0,i)
Xk(1,i) .
We now prove an additional property of the category LTanwg which we
will be needed in Section 6.
Lemma 3.16. Let X, Y ∈ LTanwg be such that
i) For each k ∈ ∆n−1
op
such that kj = 0 for some 1 ≤ j ≤ n− 1,
Xdk
∼= Y dk .
ii) For each k ∈ ∆n−1
op
such that kj 6= 0 for all 1 ≤ j ≤ n − 1,
Xdk
∼= Y dk .
Then TrnX ∼= TrnY
Proof. Let k ∈ ∆n−1
op
with kj = 0 for some j. Then by definition
(TrnX)k = X
d
k
∼= Y dk = (TrnY )k .
Let k ∈ ∆n−1
op
be such that kj 6= 0 for all j and suppose ki = 1. Then
(TrnX)k = Xk(1,i) = Xk ∼= Yk = Yk(1,i) = (TrnY )k .
If kj > 1,
(TrnX)k = Xk(1,i)×Xd
k(0,i)
ki
· · ·×Xd
k(0,i)
Xk(1,i) ∼=
∼= Yk(1,i)×Y d
k(0,i)
ki
· · ·×Y d
k(0,i)
Yk(1,i) = (TrnY )k .
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In conclusion
(TrnX)k ∼= (TrnY )k
for all k ∈ ∆n−1
op
. Hence
TrnX ∼= TrnY .

3.6. Rigidifying weakly globular Tamsamani n-categories. In
paper [30] the author proved the existence of a rigidification functor
Qn : Ta
n
wg → Cat
n
wg
approximating each X ∈ Tanwg with an n-equivalent QnX ∈ Cat
n
wg.
Theorem 3.17. [30, Theorem 7.4] There is a functor
Qn : Ta
n
wg → Cat
n
wg
and for each X ∈ Tanwg a morphism in Ta
n
wg sn(X) : QnX → X,
natural in X, such that (sn(X))k is a (n−1)-equivalence for all k ≥ 0.
In particular, sn(X) is an n-equivalence.
The construction of Qn is by induction on n. When n = 2, Q2 is the
composite
Q2 : Ta
2
wg
Tr2−−→ SegPs[∆
op
,Cat ]
St
−→ Cat2wg
Suppose, inductively, that we defined Qn−1. Define the functor
Pn : Ta
n
wg → LTa
n
wg
as follows. Given X ∈ Tanwg, consider the pullback in [∆
n−1op,Cat ]
PnX
w(X)
//

X
γn

d(n)Qn−1q
(n)X
sn−1(q(n)X)
// d(n)q(n)X
When n > 2 we define Qn to be the composite
Qn : Ta
n
wg
Pn−→ LTanwg
Trn−−→ SegPs[∆n−1
op
,Cat ]
St
−→ Catnwg
where Trn is as in Theorem 3.15 and St lands in Cat
n
wg by Theorem
3.11.
4. Canonical choices of homotopically discrete objects
The goal of this section is to show how to approximate up to n-
equivalence a weakly globular n-fold category with a better behaved
one in which the homotopically discrete object at level 0 admits a
canonical choice of section to the discretization map. This will be used
in Section 5 to construct the category FTanwg which will then lead in
Section 6 to the discretization functor from Catnwg to Ta
n.
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4.1. A general construction. Let C be a category with finite limits;
let X ∈ Cat C and f0 : Y0 → X0 be a morphism in C. There is X(f0) ∈
Cat C with X(f0)0 = Y0 and X(f0)1 given by the pullback in C
X(f0)1 //

Y0 × Y0
f0×f0

X1 // X0 ×X0
Further, for each k ≥ 2, there is a pullback in C
X(f0)k = X(f0)1×Y0
k
· · ·×Y0 X(f0)1 //

Y0×
k+1
· · ·× Y0
f0×
k+1
··· × f0

Xk = X1×X0
k
· · ·×X0 X1 // X0×
k+1
· · ·× X0
Lemma 4.1. Let
A //

B
f

C
g
// D
be a pullback in Cat with f an isofibration. Then
pA //

pB

pC // pD
is a pullback in Set.
Proof. Since f is an isofibration, by [19] A is equivalent to the pseudo-
pullback A ≃ C
ps
×D B. The functor p sends pseudo-pullbacks to pull-
backs. In fact, suppose we are given a commuting diagram in Set
X
r

s
''
p(C
ps
×D B)

// pB
pf

pC
pg
// pD
(pg)r = (pf)s. If we choose maps b : dpB → B and c : dpC → C we
then have fdbs ∼= gdcr. Therefore, there is v : X → C
ps
×D B such that
p1v = bs and p2v = cr. Hence
p(p1)p(v) = p(b)p(s) = p(s), p(p2)p(v) = p(c)p(r) = p(r) .
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This shows that
p(C
ps
×D B) = pC×pD pB .

Lemma 4.2. Let
A
s //
r

B
f

C
g
// D
be a pullback in Cat , and suppose that f is fully faithful. Then so is r.
Proof. For all x, y ∈ A0 there is a pullback in Cat
A(x, y) //

B(sx, sy)

C(rx.ry) // D(grx, gry) = D(fsx, fsy)
Since the right vertical map is an isomorphism (as f is fully faithful),
so is the left vertical map, showing that r is fully faithful. 
Lemma 4.3. Let
P //

C
f

A
s
// B
be a pullback in Cat with f an isofibration and with A,B,C ∈ Cathd.
Then P ∈ Cathd.
Proof. Since f is an isofibration and A ≃ Ad, B ≃ Bd, C ≃ Cd, we
have
P ≃ A
ps
×B C ≃ A
d×Bd C
d
and therefore P ∈ Cathd. 
Lemma 4.4. Let
P //
h

C
f

A
g
// B
be a pullback in [∆n−1
op
,Cat ] with A,B,C ∈ Catnwg and f an n-equivalence
which is a levelwise isofibration in Cat and the same holds for p(r,n)f
for all 1 ≤ r ≤ n. Then h is an n-equivalence.
Proof. By induction on n. When n = 1, since f is an isofibration, P is
equivalent to the pseudo-pullback A
ps
×B C; since f is an equivalence of
categories, the latter is equivalent to A.
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Suppose, inductively, that the lemma holds for (n− 1). By hypoth-
esis, there is a pullback in Cat
p(2,n)P //

p(2,n)C

p(2,n)A // p(2,n)B
and therefore, at object level, a pullback in Set
P d0
//

Cd0

Ad0 // B
d
0
Let (a, c), (a′, c′) ∈ P d0 . Then there is a pullback in Cat
n−1
wg
P ((a, c), (a′, c′)) //
h((a,c),(a′,c′))

C(c, c′)

A(a, a′) // B(ga, ga′)
By hypothesis, this satisfies the induction hypothesis and thus h((a, c), (a′, c′))
is a (n− 1)-equivalence.
We also have the pullback in Set
p(1,n)P //
p(1,n)h

p(1,n)C
p(1,n)f

p(1,n)A // p(1,n)B
Since f is a n-equivalence, p(1,n)f is surjective, therefore such is p(1,n)h.
By Proposition 4.11 of [30] we conclude that h is an n-equivalence. 
Proposition 4.5. Let X ∈ Catnwg and f0 : Y0 → X0 be a morphism
in Catn−1hd such that, for each 1 ≤ r ≤ n, Jn−1f0 and Jrp
(n,r)f0 is a
levelwise isofibration in Cat which is surjective on objects. Then
a) X(f0) ∈ Cat
n
wg;
b) V (X) : X(f0)→ X is an n-equivalence;
c) if X ∈ Catnhd, X(f0) ∈ Cat
n
hd.
Proof. By induction on n. Let first n = 2. Since Y0 ∈ Cathd, to show
that X(f0) ∈ Cat
2
wg it is enough to show (by Lemma 3.14 of [28]) that
pX(f0) ∈ Cat . That is, for each k ≥ 2
p(X(f0))k = p(X(f0))1×p(X(f0))0
k
· · ·×p(X(f0))0 p(X(f0))1 .
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We show this for k = 2, the case k > 2 being similar. From the general
construction 4.1,
X(f0)2 = (X1×X0 X1)×X0×X0×X0 (Y0 × Y0 × Y0) .
Since f0 is an isofibration, using Lemma 4.1, the fact that p
(2)X ∈ Cat
and the fact that p preserves products, we obtain
pX(f0)2 = p(X1×X0 X1)×p(X0×X0×X0) p(Y0 × Y0 × Y0) =
=(pX1×pX0 pX1)×pX0×pX0×pX0 pY0 × pY0 × pY0 .
On the other hand,
pX(f0)1×pX(f0)0 pX(f0)1 =
= (pX1×pX0× pX0 (pY0× pY0))×pX0×pX0 pY0 (pX1×pX0× pX0 (pY0× pY0)) =
= (pX1×pX0 pX1)×(pX0× pX0)×pY0 (pX0× pX0) (pY0× pY0)×pY0 (pY0× pY0) =
= p(X1×X0 X1)×pX0×pX0×pX0 (pY0 × pY0 × pY0) .
Therefore
pX(f0)2 = pX(f0)1×pX(f0)0 pX(f0)1 .
The case k > 2 is similar. This shows X(f0) ∈ Cat
2
wg, proving a) when
n = 2.
We now show that X(f0)→ X is a 2-equivalence. Let a, b ∈ Y
d
0 . We
have a pullback in Cat
X(f0)(a, b) //
V (X)(a,b)

Y0(a)× Y0(b)

X1(f0a, f0b) // X0(f0a)×X0(f0b)
(10)
Since X0, Y0 ∈ Cathd, Y0(a) → X0(a) is an equivalence of categories
hence it is in particular fully faithful. Applying Lemma 4.1 to (10) we
obtain a pullback in Set
pX(f0)(a, b) //

pY0(a)× pY0(b)

pX1(f0a, f0b) // pX0(f0a)× pX0(f0b)
(11)
Since, by hypothesis, Y0 → X0 is surjective on objects, the right vertical
map in (11) is surjective, therefore such is the left vertical map in (11).
Thus X(f0)(a, b)→ X1(f0a, f0b) is essentially surjective on objects and
in conclusion it is an equivalence of categories.
To show that V (X) : X(f0)→ X is a 2-equivalence, it is enough to
show (by Proposition 4.11 of [30]) that pp(2)V (X) is surjective. This
follows from the fact that pf0 is surjective (since by hypothesis f0 is
surjective on objects), so that p(2)V (X) is surjective on objects. This
concludes the proof of b) in the case n = 2.
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Finally, if X ∈ Cat2hd, since by a) X(f0) ∈ Cat
2
wg and V (X) is a 2-
equivalence, it follows from Proposition 3.10 of [28] that X(f0) ∈ Cat
2
hd,
proving c) in the case n = 2.
Suppose, inductively, that the proposition holds for (n− 1), let X ∈
Catnwg and f0 be as in the hypothesis.
a) We show that X(f0) ∈ Cat
n
wg by proving that it satisfies the
hypothesis of Proposition 3.16 of [28]. By the general construction
4.1, X(f0) ∈ Cat
n and (X(f0))0 = Y0 ∈ Cat
n−1
hd . Since X ∈ Cat
n
wg,
X•0 ∈ Cat
n−1
hd and we have a pullback in [∆
n−2op,Cat ]
X(f0)10 //

Y00 × Y00
f00×f00

X10 // X00 ×X00
(12)
where, by hypothesis, Jn−1f00 and Jrp
(n−2,r)f00 is levelwise an isofi-
bration in Cat , which is surjective on objects. Thus (12) satisfies the
induction hypothesis c) and we conclude that (X(f0))•0 ∈ Cat
n−1
hd . In
particular, (X(f0))s0 ∈ Cat
n−2
hd . It remains to show that pJnX(f0) ∈
H(n−1)Cat
n−1
wg . Let r ∈ ∆
n−2op; by the construction 4.1,
(X(f0))2r = {X1r×X0r X1r}×X0r×X0r×X0r {Y0r × Y0r × Y0r} .
Since, by hypothesis, (f0)r is an isofibration, by Lemma 4.1 we obtain
p(X(f0))2r = p{X1r×X0r X1r}×p{X0r×X0r×X0r} p{Y0r × Y0r × Y0r} .
Since X ∈ Catnwg, p
(n)X ∈ Catn−1wg and since (p
(n−1)Xj)r = pXjr we have
p{X1r×X0r X1r} = p(X1r)×p(X0r) p(X1r)
As p commutes with products, we obtain
p(X(f0))2r = {pX1r×pX0r pX1r}×pX0r×pX0r×pX0r {pY0r × pY0r × pY0r} .
Since this holds for all r, it follows that
pX(f0)2 = pX(f0)1×pX(f0)0 pX(f0)1 .
Similarly for each k > 2,
pX(f0)k = pX(f0)1×pX(f0)0
k
· · ·×pX(f0)0 pX(f0)1 .
We conclude that
pJnX(f0) = (p
(n)X)(p(n−1)f0) .
The pullback
(p(n)X)(p(n−1)f0) //

p(n−1)Y0 × p
(n−1)Y0

p(n−1)X1 // p
(n−1)X0 × p
(n−1)X0
WEAKLY GLOBULAR N-FOLD N-CATEGORIES AS... 31
satisfies the inductive hypothesis a) and we therefore conclude that
pJnX(f0) ∈ Cat
n
wg. Thus X(f0) satisfies the hypotheses of Proposition
3.16 of [28] and we conclude that X(f0) ∈ Cat
n
wg proving a).
b) Let a, b ∈ Y d0 . There is a pullback in Cat
n−1
wg
X(f0)(a, b) //

Y0(a)× Y0(b)

X(f0a, f0b) // X0(f0a)×X0(f0b)
Since X0(f0a), Y0(a) ∈ Cat
n−1
hd and Y0(a)
d = {a} ∼= {f0a} = X0(f0a)
d,
the map Y0(a)→ X0(f0a) is an n-equivalence (by Lemma 3.8 of [27]).
Also, this map is a levelwise isofibration in Cat (as such is Y0 → X0).
It follows from Lemma 4.4 that X(f0)(a, b)→ X(f0a, f0b) is a (n− 1)-
equivalence.
Finally, since f0 is levelwise surjective on objects by hypothesis,
p(1,n)X(f0) → p
(1,n)X is surjective. By Proposition 4.11 of [30], the
map X(f0)→ X is therefore an n-equivalence.
c) This follows from a) and b) using Proposition 3.16 of [28]. 
Lemma 4.6. If X ∈ Cathd, DecX ∈ Cathd and the map d1 : DecX →
X is an isofibration.
Proof. Since X ∈ Cathd, X = A[f ] for a surjective map of sets f :
A → B, where A[f ] is as in Definition 4.1 of [27] . Thus DecX =
(A×B A)[d0] where d0 : A×B A → A, d0(x, y) = X . The source and
target maps
d˜0, d˜1 : (DecX)1 = A×B A×B A→ (DecX)0 = A×B A
are d˜0(x, y, z) = (x, y), d˜1(x, y, z) = (x, z).
Given (x, y) ∈ (DecX)0 and an isomorphism (d1(x, y) = y, z) ∈ X1,
we have (x, y, z)ı(DecX)1 with d˜1(x, y, z) = (x, z). In picture:
(x, y) = d˜0(x, y, z)
(x,y,z)
//

(x, z) = d˜1(x, y, z)

d1(x, y) = y
(y,z)=d1(x,y,z)
// d1(x, z) = z
By definition, this shows that d1 : DecX → X is an isofibration. It is
also surjective on objects since d1 : A×B A→ A is surjective. 
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Lemma 4.7.
a) Let A ∈ Catnhd, B,C ∈ Set and consider the pullback in [∆
n−1op,Cat ]
Q //

A

d(n,1)C // d(n,1)B
then Q ∈ Catnhd.
b) Let X ∈ Catnhd, Z ∈ Cathd and consider the pullback in [∆
n−1op,Cat ]
P //

X

d(n,2)Z // d(n,2)q(2,n)X
Then P ∈ Catnhd.
Proof. By induction on n.
In the case n = 1 for a). Since dB is discrete, A→ dB is an isofibration,
therefore
Q = A×dB dC ≃ A
ps
×dB dC ≃ A
d×dB dC .
Hence Q ∈ Cathd. The case n = 2 for b) is Lemma 5.3 of [30].
Suppose, inductively, that the lemma holds for (n− 1).
a) for each k ≥ 0 there is a pullback in [∆n−2
op
,Cat ]
Qk //

Ak

d(n−1,1)Ck // d
(n−1,1)Bk
Therefore, by inductive hypothesis a), Qk ∈ Cat
n−1
hd . For each r =
(r1, ..., rn−1) ∈ ∆
n−1op, we have a pullback in Cat
Qr //

Ar

dC // dB
Since p commutes with fiber products over discrete objects, we have a
pullback in Set
pQr //

pAr

C // B
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It follows that there is a pullback in [∆n−2
op
,Cat ]
p(n)Q //

p(n)A

d(n−1,1)C // d(n−1,1)B
It follows by inductive hypothesis a) that p(n)Q ∈ Catnhd. By definition,
this means that Q ∈ Catnhd.
b) For each k ≥ 0, there is a pullback in [∆n−2
op
,Cat ]
Pk //

Xk

d(n−1,1)Zk // d
(n−1,1)q(1,n−1)XkB
Since Xk ∈ Cat
n−1
hd (as X ∈ Cat
n
hd), by part a) this implies that Pk ∈
Catn−1hd . Since p
(n) commutes with fiber products over discrete objects,
we also have a pullback in [∆n−2
op
,Cat]
p(n)P //

p(n)X

d(n−1,2)q(2,n)Z // d(n−1,2)q(2,n)XB
where p(n)X ∈ Catn−1hd . By inductive hypothesis b), p
(n)P ∈ Catn−1hd .
Hence by definition, P ∈ Catnhd. 
Proposition 4.8. There is a functor Vn : Cat
n
hd → Cat
n
hd with a map
fX : VnX → X natural in X ∈ Cat
n
hd such that
a) JnfX is a levelwise isofibration in X ∈ Cat
n
hd which is surjective
on objects, and the same holds for Jrp
(n,r)fX for all 1 ≤ r ≤ n.
b) Vn is identity on discrete objects and preserves pullbacks over
discrete objects.
c) If h : X → Y is a morphism in Catnhd, the following diagram
commutes for appropriate choices of sections to the discretiza-
tion maps.
VnX // VnY
(VnX)
d //
OO
(VnY )
d
OO
Proof. By induction on n. For n = 1, let V1X = DecX and fX = d1 :
DecX → X . By Lemma 4.7, fX is an isofibration and is surjective on
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objects. Also Dec preserves pullbacks. Given a morphism h : X → Y
in Cathd, we have a diagram
DecX //

DecY

(DecX)d = dX0 // (DecY )
d = dY0
This proves the lemma in the case n = 1. Suppose, inductively, that it
holds for (n− 1) and let X ∈ Catnhd.
a) Let FnX = X(fX0) where fX0 : Vn−1X0 → X0. By inductive hy-
pothesis a), fX0 satisfies the hypothesis of Proposition 4.5 and thus
FnX ∈ Cat
n
hd.
Consider the pullback in [∆n−1
op
,Cat ]
VnX
h //

FnX

d(n,2)Dec q(2,n)FnX // d
(n,2)q(2,n)FnX
Since FnX ∈ Cat
n
hd, q
(2,n)FnX ∈ Cathd, hence Dec q
(2,n)FnX ∈ Cathd.
Thus by Lemma 4.7, VnX ∈ Cat
n
hd.
For each k ∈ ∆n−1
op
, there is a pullback in Cat
(VnX)k //

(FnX)k

d(d(n,2)Dec q(2,n)FnX)k // d(d
(n,2)q(2,n)FnX)k .
(13)
The bottom horizontal map is an isofibration since the target is dis-
crete; hence Hk is also an isofibration. The bottom horizontal map in
(13) is also surjective on objects since
(N Dec q(2,n)FnX)r → (Hq
(2,n)FnX)r
is surjective for all r ≥ 0, where N : Cat → [∆
op
, Set] is the nerve
functor. It follows that hk is also surjective on objects. Since, by
Proposition 4.5, the map vX : FX → X is a levelwise isofibration
surjective on objects, we conclude from above that the same holds for
the composite map
fX : VnX
h
−−→ FnX
vX−→ X .
We now show that p(n,r)fX is an isofibration surjective on objects for
all r. Since, by Proposition 4.5, this holds for p(n,r)VX , it is sufficient
to show this for p(n,r)h.
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Since p(n.r) commutes with pullbacks over discrete objects, we have
a pullback in [∆r−1
op
,Cat ]
p(n−r)VnX
p(n−r)h //

p(n−r)FnX

d(r,2)Dec q(2,n)FnX // d
(r,2)q(2,n)FnX .
Using a similar argument as above we conclude that p(n,r)h is a levelwise
isofibration surjective on objects. This proves a).
b) If X is discrete, FnX = X = d
(n,2)q(2,n)X , thus VnX = X . Since,
by inductive hypothesis, Vn−1 commutes with pullbacks over discrete
objets, so does Fn as easily seen. Since q
(2,n) commutes with pullbacks
over discrete objects and Dec commutes with pullbacks, it follows by
construction that Vn commutes with pullbacks over discrete objects.
c) We have
(VnX)
d = (q(2,n)d(n,2)Dec q(2,n)FnX)
d =
= (Dec q(2,n)FnX)
d = (q(2,n)FnX)0 = q
(1,n−1)(FnX)0 =
= (FnX)
d
0 = (Vn−1X0)
d
and similarly for VnY . By inductive hypothesis c), there is a commuting
diagram
(VnX)
d = (Vn−1X0)
d //

Vn−1X0 = (FnX)0 //

FnX

(VnY )
d = (Vn−1Y0)
d // Vn−1Y0 = (FnY )0 // FnY
as well as
(VnX)
d = (Dec q(2,n)FnX)
d //

d(n,2)Dec q2, nFnX

(VnY )
d = (Dec q(2,n)FnY )
d // d(n,2)Dec q2, nFnY .
From the construction of VnX and VnY we therefore conclude that
there is a commuting diagram
VnX // VnY
(VnX)
d //
OO
(VnY )
d .
OO

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Corollary 4.9. There is a functor
Fn : Cat
n
wg → Cat
n
wg
and a map VX : FnX → X (natural in X ∈ Cat
n
wg) such that
i) VX is an n-equivalence.
ii) Fn is identity on discrete objects and preserves pullbacks over
discrete objects.
iii) If f : X → Y is a morphism in Catnwg the following diagram
commutes for appropriate choices of sections to the discretiza-
tion maps
(FnX)0 // (FnY )0
(FnX)
d
0
//
OO
(FnY )
d
0 .
OO
Proof. Given X ∈ Catnwg, since X0 ∈ Cat
n−1
hd by Proposition 4.8 there is
a map
fX0 : Vn−1X0 → X0
such that Jn−1fX0 and Jrp
n−1,fX0 are levelwise isofibrations in Cat
surjective on objects. Let FnX = X(fX0). By Proposition 4.5, FnX ∈
Catnwg and there is an n-equivalence V (X) : FnX → X , proving i). If
X is discrete, so is X0, thus by Proposition 4.8 fX0 = Id and therefore
FnX = X .
Let X → Z ← Y be a pullback in Catnwg with Z discrete. By
Proposition 4.8, Vn−1(X0×Z Y0) = Vn−1X0×Z Vn−1Y0 and therefore, as
easily checked,
(Fn(X×Z Y ))1 = (FnX)1×Z (FnY )1 .
It follows that
Fn(X×Z Y ) = FnX×Z FnY
which is ii). Since (FnX)0 = Vn−1X0, iii) follows from Proposition
4.8. 
5. The category FTanwg
The idea of the construction of the discretization functor is to re-
place the homotopically discrete substructures in X ∈ Catnwg by their
discretization. However, as outlined in the introduction to this paper,
this cannot be done in a functorial way since the choice of sections to
the discretization maps are not canonical.
For this reason, we introduce in this section a new category FTanwg
in which the sections to the discretization maps for the homotopically
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discrete substructures are canonical. We then show in Proposition 5.4
that there is a functor
Gn : Cat
n
wg → FTa
n
wg
and an n-equivalence in Tanwg, GnX → X for each X ∈ Cat
n
wg. The
construction of Gn uses the functor Fn built in Section 4. In Section 6,
Gn will be used to build the discretization functorDiscn : Cat
n
wg → Ta
n.
Definition 5.1. Define the category FTanwg as follows. FTa
1
wg = Cat .
For each n ≥ 2 let FTanwg have the following objects and morphisms:
i) Objects of FTanwg consist of X ∈ Ta
n
wg such that for all k =
(k1, ..., ks) ∈ ∆
sop, r = (r1, ..., rs) ∈ ∆
sop, (1 ≤ s ≤ n − 2) and
morphism k → r in ∆s
op
, the corresponding morphism
f : Xk0 → Xr0
in Catn−s−1hd is such that there are choices of sections to the
discretization maps
γ(Xk) : Xk0 → X
d
k0
γ(Xr) : Xr0 → X
d
r0
making the following diagram commute
Xk0
f // Xr0
Xdk0
fd
//
γ′(Xk0)
OO
Xdr0
γ′(Xr0)
OO
(14)
ii) A morphism F : X → Y in FTanwg is a morphism in Ta
n
wg such
that, for all k = (k1, ..., ks) ∈ ∆
sop, 1 ≤ s ≤ n− 2, the following
diagram commutes
Xk0
Fk0 // Yk0
Xdk0
F d
k0
//
γ′(Xk0)
OO
Y dk0
γ′(Yk0)
OO
(15)
Remark 5.2. It is immediate from the definition that, if F ∈ FTanwg,
Xk ∈ FTa
n−1
wg for all k ≥ 0.
Lemma 5.3. The functors p(n), q(n) : Tanwg → Ta
n−1
wg induce functors
p(n), q(n) : FTanwg → FTa
n−1
wg .
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Proof. Let X ∈ FTanwg and k → r be a morphism in ∆
sop. By applying
the functor p(n−s−1) to the commuting diagram (14) and using the fact
that
p(n−s−1)Xk0 = (p
(n)X)k0, p
(n−s−1)Xdk0 = X
d
k0 = (p
(n)X)dk0
we obtain the commuting diagram
(p(n)X)k0
p(n−s−1)f // (p(n)X)r0
(p(n)X)dk0
p(n−s−1)fd
//
OO
(p(n)X)dr0
OO
This shows that p(n)X ∈ FTanwg. Given F : X → Y in FTa
n
wg, by apply-
ing p(n−s−1) to the commuting diagram (15) we obtain the commuting
diagram
(p(n)X)k0
(p(n)F )k0 // (p(n)Y )k0
(p(n)X)dk0
(p(n)F )d
k0
//
OO
(p(n)Y )dk0
OO
By definition this means that p(n)F ∈ FTanwg. The proof for q
(n) is
analogous since p(n−s−1)Xk0 = q
(n−s−1)Xk0. 
Proposition 5.4. For each n ≥ 2 there is a functor
Gn : Cat
n
wg → FTa
n
wg
defined as follows. G2 = F2; given Gn−1 let Gn = Gn−1 ◦ Fn. Then
a) Gn : Cat
n
wg → FTa
n
wg and (GnX)k ∈ Cat
n−1
wg .
b) There is an n-equivalence in Tanwg, GnX → X, natural in X ∈
Catnwg.
c) Gn preserves n-equivalences.
d) Gn is identity on discrete objects and preserves pullbacks over
discrete objects.
Proof. For n = 2, by Corollary 4.9 the functor F2 : Cat
2
wg → Cat
2
wg is
in fact a functor F2 : Cat
2
wg → FTa
2
wg satisfying a) - d).
Suppose we defined Gn−1 satisfying the above properties and let
X ∈ Catnwg. We first check that GnX ∈ Ta
n
wg. We have
(GnX)0 = Gn−1(FnX)0 .
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Since (FnX)0 ∈ Cat
n−1
hd (as FnX ∈ Cat
n
wg), there is a (n−1)-equivalence
(FnX)→ (FnX)
d
0. Thus by inductive hypothesis c) and d) this induces
an (n− 1)-equivalence
(GnX)0 = Gn−1(FnX)0 → Gn−1(FnX)
d
0 = (FnX)
d
0 .
Since, by inductive hypothesis a), (GnX)0 ∈ Cat
n−1
wg , it follows that
(GnX)
d
0 = (FnX)
d
0 .
For each k > 0 by inductive hypothesis we also have
(GnX)k = Gn−1(FnX)k ∈ Cat
n−1
wg .
To show that GnX ∈ Ta
n
wg it remains to prove that the induced Segal
maps are (n − 1)-equivalences. Since FnX ∈ Cat
n
wg there are (n − 1)-
equivalences
(FnX)2 → (FnX)1×(FnX)d0 (FnX)1 .
Using the induction hypotheses c) and d) this induces an (n − 1)-
equivalence
(GnX)2 = Gn−1(FnX)2 → Gn−1{(FnX)1×(FnX)d0 (FnX)1}
∼=
∼= (GnX)1×(GnX)d0 (GnX)1 .
Similarly one shows that all other induced Segal maps for GnX are
(n− 1)-equivalences. We conclude that GnX ∈ Ta
n
wg.
a) Let k = (k1, ..., ks), r = (r1, ..., rs) in ∆
sop and denote k′ =
(k2, ..., ks), r
′ = (r2, ..., rs) and suppose we have a morphism k → r
in ∆s
op
. By factoring this as
k = (k1, k
′) //
&&▲▲
▲▲
▲▲
▲▲
▲▲
r = (r1, r
′)
(r1, k
′)
99rrrrrrrrrr
we obtain a factorization
(GnX)k0 = {Gn−1(FnX)k1}k′0 //
))❚❚❚
❚❚❚
❚❚❚
❚❚❚❚
❚❚
{Gn−1(FnX)r1}r′0 = (GnX)r0
{Gn−1(FnX)r1}k′0
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
(16)
Consider the morphism (FnX)k1 → (FnX)r1 in Cat
n−1
wg . Since, by in-
duction hypothesis a), Gn−1 : Cat
n−1
wg → FTa
n−1
wg there is a commuting
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diagram
{Gn−1(FnX)k1}k′0 // {Gn−1(FnX)r1}k′0
{Gn−1(FnX)k1}
d
k′0
//
OO
{Gn−1(FnX)r1}
d
k′0
OO
(17)
Since, by induction hypothesis, Gn−1(FnX)r1 ∈ FTa
n−1
wg we also have a
commuting diagram
{Gn−1(FnX)r1}k′0 // {Gn−1(FnX)r1}r′0
{Gn−1(FnX)r1}
d
k′0
//
OO
{Gn−1(FnX)r1}
d
r′0
OO
(18)
Combining (16), (17), (18) we obtain a commuting diagram
(GnX)k0 // (GnX)r0
(GnX)
d
k0
//
OO
(GnX)
d
r0
OO
This shows that GnX ∈ FTa
n
wg. Let F : X → Y be a morphism in
Catnwg. Then
(FnF )k1 : (FnX)k1 → (FnY )k1
is a morphism in Catn−1wg . Thus by induction hypothesis it induces a
morphism
Gn−1(FnX)k1 → Gn−1(FnY )k1
such that the following diagram commutes:
(GnX)k0 = {Gn−1(FnX)k1}k′0 // {Gn−1(FnY )k1}k′0 = (GnY )k0
(GnX)
d
k0
//
OO
(GnY )
d
k0
OO
This shows that GnF is a morphism in FTa
n
wg. In conclusion
Gn : Cat
n
wg → FTa
n
wg .
The fact that (GnX)k = Gn−1(FnX)k ∈ Cat
n−1
wg follows by induction.
b) The morphism GnX → X is given levelwise by Gn−1Xk → Xk;
this is an (n − 1)-equivalence for each k, hence GnX → X is a n-
equivalence by Lemma 4.8 of [30].
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c) Let F : X → Y be an n-equivalence in Catnwg. There is a commut-
ing diagram
GnX
GnF //

GnY

X
F
// Y
in which the vertical maps and the bottom horizontal map are n-
equivalences. By Proposition 4.11 of [30] it follows that GnF is also an
n-equivalence.
d) This follows immediately by the analogous properties of Fn and
by the inductive hypothesis.

6. From FTanwg to Tamsamani n-categories
In this section we define a discretization functor
Dn : FTa
n
wg → Ta
n
and we study its properties. The idea of the functor Dn is to re-
place the homotopically discrete sub-objects in X ∈ FTanwg by their
discretization, thus recovering the globularity condition. Because of
the canonical property of the homotopically discrete objects in FTanwg,
this can be done in a functorial way.
The construction of Dn is inductive, and we first need to discretize
the structure at level 0, as follows.
Definition 6.1. Let R0 : FTa
n
wg → [∆
op
, FTan−1wg ] be given by
(R0X)k =
{
Xd0 , k = 0
Xk, k > 0 .
The face operators ∂′0, ∂
′
1 : X1 ⇒ X
d
0 are given by ∂
′
i = γ∂i, i = 0, 1
and the degeneracy σ′ : Xd0 → X1 by σ
′ = σγ′ where ∂0, ∂1, σ are the
corresponding face and degeneracy operators of X , γ : X0 → X
d
0 is the
discretization map and γ′ : Xd0 → X0 is a section.
Remark 6.2. By definition of FTanwg, given f : X → Y in FTa
n
wg there
is a commuting diagram
X0
f0 // Y0
Xd0
γ′(X0)
OO
// Y d0
γ′(Y0)
OO (19)
and this induces a morphism in [∆
op
, FTan−1wg ] R0f : R0X → R0Y .
Thus R0 is a functor. Note that while R0X could be defined for any
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X ∈ Tanwg, given a morphism f in Ta
n
wg since in general (19) does not
commute, one cannot define R0f as above.
Lemma 6.3. Let R0 be as in Definition 6.1 then
a) R0 : FTa
n
wg → FTa
n
wg.
b) R0 is identity on discrete objects and commutes with pullbacks
over discrete objects.
c) p(n)R0X = R0p
(n)X, q(n)R0X = R0q
(n)X.
d) R0 preserves n-equivalences.
Proof. By induction on n. Let X ∈ FTa2wg. Then (R0X)0 = X
d
0 is
discrete while for each k ≥ 2 the Segal maps
(R0X)k = Xk
∼
−→ X1×Xd0
k
· · ·×Xd0X1 = (R0X)1×(R0X)0
k
· · ·×(R0X)0(R0X)1
are equivalences of categories since X ∈ FTa2wg. Thus, by definition,
R0X ∈ Ta
2 ⊂ FTa2wg.
The proof of b) is immediate. We have
p(2)R0X = p
(2)X = R0p
(2)X
and similarly for q(2)R0X , so c) holds. Given a 2-equivalence f : X →
Y in FTa2wg, for each a, b ∈ X
d
0 , (R0f)(a, b) = f(a, b) is a 2-equivalence
and p(2)R0f = p
(2)f is a 2-equivalence. So by definition p(2)f is a
2-equivalence.
Suppose, inductively, that the lemma holds for (n− 1) and let X ∈
FTanwg.
a) Note that R0X ∈ Ta
n
wg. In fact, by construction (R0X)k ∈ Ta
n−1
wg
for all k ≥ 0. For each k ≥ 2 the induced Segal maps for R0X are:
(R0X)k = Xk → X1×Xd0
k
· · ·×Xd0X1 = (R0X)1×(R0X)0
k
· · ·×(R0X)0 (R0X)1
and these are (n − 1)-equivalences because X ∈ FTanwg. To show that
R0X ∈ FTa
n
wg note that, given k = (k1, ..., ks) and r = (r1, ..., rs) in
∆s
op
, 1 ≤ s ≤ n − 2 and a morphism k → r in ∆s
op
, the following
diagram commutes
(R0X)k0 // (R0X)r0
(R0X)
d
k0
//
OO
(R0X)
d
r0
OO
(20)
In fact, if k1 6= 0 and r1 6= 0 diagram (20) coincides with
Xk0 // Xr0
Xdk0
//
OO
Xdr0
OO
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and this commutes since X ∈ FTanwg.
If k1 = 0 and r1 6= 0 diagram (20) coincides with
Xd0
// Xr0
Xd0 // X
d
r0
OO
(21)
which is the composite of
X0k2...ks0 // Xr0
Xd0
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤⑤⑤
// Xd0k2...ks0
//
OO
Xdr0
OO
(22)
The right square in (22) commutes sinceX ∈ FTanwg and the left triangle
commutes by construction. Thus (21) commutes.
If k1 6= 0 and r1 = 0 diagram (20) is
Xk0 // X
d
r0
Xdk0
//
OO
Xdr0
and this commutes since it is the composite of
Xk0 // Xr0
""❉
❉❉
❉❉
❉❉
❉❉
❉❉
Xdk0
//
OO
Xdr0
OO
Xdr0
where the left square commutes since X ∈ FTanwg and the right triangle
commutes since Xdr0 → Xr0 is a section of Xr0 → X
d
r0. Hence we
conclude that R0X ∈ FTa
n
wg.
Given F : X → Y in FTanwg we have the commuting diagram
(R0X)k0 // (R0Y )k0
(R0X)
d
k0
//
OO
(R0Y )
d
r0
OO
(23)
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In fact, when k1 6= 0 this coincides with
Xk0 // Yk0
Xdk0
//
OO
Y dr0
OO
which commutes since F is a morphism in FTanwg. When k1 = 0 diagram
(23) is
Xd0
// Y d0
Xd0 // Y
d
0
In conclusion, diagram (23) commutes, showing that R0F is a mor-
phism in FTanwg.
b) This is immediate by the definition of R0 since, if X → Z ← Y is
a pullback in FTanwg with Z discrete, (X×Z Y )
d
0 = X
d
0×z Y
d
0 by Lemma
3.10 of [27].
c) For each k > 0,
(p(n)R0X)k = p
(n−1)(R0X)k = p
(n−1)Xk = R0(p
(n)X)k .
When k = 0,
(p(n)R0X)0 = X
d
0 = (p
(n)X)d0 = (R0p
(n)X)0 .
Similarly for q(n)X .
d) Let f : X → Y be an n-equivalence. For all a, b ∈ (R0X)
d
0 = X
d
0 ,
(R0f)(a, b) = f(a, b) is a (n − 1)-equivalence. Also by c) and the
induction hypothesis p(n)R0f = R0p
(n)f is a (n− 1)-equivalence. Thus
by definition R0f is an n-equivalence. 
Proposition 6.4. There is a functor
Dn : FTa
n
wg → Ta
n
defined inductively by
D2 = R0, Dn = Dn−1 ◦R0 for n > 2
where R0 is as in Lemma 6.3, such that
a) Dn is identity on objects and commutes with pullbacks over dis-
crete objects.
b) p(n)DnX = Dn−1p
(n)X, q(n)DnX = Dn−1q
(n)X.
c) Dn preserves n-equivalences.
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Proof. By induction on n. It holds for n = 2 by Lemma 6.3. Suppose,
inductively, that it holds for (n − 1) and let X ∈ FTanwg. Then by
induction hypothesis a)
(DnX)k =
{
Dn−1X
d
0 = X
d
0 k = 0
Dn−1Xk, k > 0 .
Thus by induction hypothesis (DnX)k ∈ Ta
n−1 for all k ≥ 0 with
(DnX)0 discrete.
To show that DnX ∈ Ta
n it remains to show that the Segal maps
are (n− 1)-equivalences. Since X ∈ FTanwg, for each k ≥ 2 the map
µk : Xk → X1×Xd0
k
· · ·×Xd0 X1
is a (n−1)-equivalence. By inductive hypotheses a) and c) this induces
a (n− 1)-equivalence
Dn−1µk : Dn−1Xk = (DnX)k → Dn−1(X1×Xd0
k
· · ·×Xd0 X1)
∼=
∼= (DnX)1×(DnX)0
k
· · ·×(DnX)0 (DnX)1 .
This shows that the Segal maps of DnX are (n− 1)-equivalences. We
conclude that DnX ∈ Ta
n.
a) This follows from Lemma 6.3 and the inductive hypothesis.
b) For each k ≥ 0, by inductive hypothesis,
(p(n)DnX)k = p
(n−1)(DnX)k = p
(n−1)Dn−1Xk =
= Dn−2p
(n−1)Xk = (Dn−1p
(n)X)k .
The proof for q(n)DnX is similar.
c) Let f : X → Y be an n-equivalence in FTanwg. For each a, b ∈
(DnX)0 = X
d
0 we have
(Dnf)(a, b) = Dn−1f(a, b)
and this is a (n − 1)-equivalence by the inductive hypothesis applied
to the (n− 1)-equivalence f(a, b). Further, by b) p(n)Dnf = Dn−1p
(n)f
is also a (n − 1)-equivalence by inductive hypothesis applied to the
(n− 1)-equivalence p(n)f . This shows that Dnf is a n-equivalence. 
Lemma 6.5. Let X ∈ FTanwg and k ∈ ∆
n−1op be such that kj 6= 0 for
all 1 ≤ j ≤ n− 1. Then (DnX)k = Xk.
Proof. By induction on n. It clearly holds for n = 2 since D2X = R0X
has (D2X)k = Xk for all k 6= 0. Suppose it holds for (n − 1) and let
k ∈ ∆n−1
op
be as in the hypothesis. Denote r = (k2, ..., kn−1). Then by
inductive hypothesis applied to Xk1 we have
(DnX)k = (Dn−1Xk1)r = (Xk1)r = Xk .
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
Proposition 6.6. Let X ∈ FTanwg, then QnDnX
∼= QnX.
Proof. By induction on n. Let X ∈ FTa2wg. It is immediate that R0X
and X satisfy the hypotheses of Lemma 3.16 so that
Tr2R0X ∼= Tr2X .
Hence
Q2D2X = St Tr2R0X ∼= St Tr2X = Q2X .
Suppose, inductively, the statement holds for (n−1) and letX ∈ FTanwg.
We claim that PnDnX and PnX satisfy the hypotheses of Lemma 3.16.
In fact, by definition of Pn there is a pullback in [∆
n−1op,Cat ]
PnDnX //

DnX

d(n)Qn−1q
(n)DnX // d
(n)q(n)DnX
(24)
On the other hand, by Proposition 6.4 and the inductive hypothesis
Qn−1q
(n)DnX = Qn−1Dn−1q
(n)X = Qn−1q
(n)X
so that (24) coincides with
PnDnX //

DnX

d(n)Qn−1q
(n)X // d(n)q(n)DnX
(25)
We also have a pullback in [∆n−1
op
,Cat ]
PnX //

X

d(n)Qn−1q
(n)X // d(n)q(n)X
(26)
Since pullbacks in [∆n−1
op
,Cat ] are computed pointwise, for each k ∈
∆n−1
op
(25) and (26) give rise to pullbacks in Cat
(PnDnX)k //

(DnX)k

d(Qn−1q
(n)X)k // dq(DnX)k
(27)
WEAKLY GLOBULAR N-FOLD N-CATEGORIES AS... 47
(PnX)k //

(X)k

d(Qn−1q
(n)X)k // dq(X)k
(28)
If kj = 0 for some j, then (DnX)k is discrete (since DnX ∈ Ta
n) hence
the right vertical map in (27) is an isomorphism, and thus so is the left
vertical map in (27). That is
(PnDnX)k ∼= d(Qn−1q
(n)X)k
so that
p(PnDnX)k ∼= (Qn−1q
(n)X)k . (29)
Further, Xk ∈ Cathd so qXk = pXk. Thus from (28), using the fact
that p commutes with pullbacks over discrete objects, we obtain
p(PnX)k ∼= (Qn−1q
(n)X)k . (30)
It follows from (29) and (30) that
(PnDnX)
d = dp(PnDnX)k ∼= dp(PnX)k = (PnX)
d
k .
This proves hypothesis i) in Lemma 3.16. Let k ∈ ∆n−1
op
be such that
kj 6= 0 for all j. Then by Lemma 6.5 (DnX)k = Xk for all k. Hence
the right vertical maps in (27) and (28) coincide. It follows that
(PnDnX)k ∼= (PnX)k .
This proves hypothesis ii) of Lemma 3.16 that
TrnPnDnX ∼= TrnPnX
which implies
QnDnX ∼= St TrnPnDnX ∼= St TrnPnX ∼= QnX .

Definition 6.7. Define the discretization functor Discn : Cat
n
wg → Ta
n
to be the composite
Catnwg
Gn−→ FTanwg
Dn−−→ Tan .
Theorem 6.8.
a) Discn is identity on discrete objects and commutes with pull-
backs over discrete objects.
b) For each X ∈ Catnwg there is a zig-zag of n-equivalences in Ta
n
wg
between X and DiscnX.
c) Discn preserves n-equivalences.
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Proof.
a) This follows from the fact that the same is true for Gn and Dn
(see Proposition 5.4 and Proposition 6.4).
b) Let X ∈ Catnwg, then by Proposition 6.6
QnDiscnX = QnDnGnX = QnGnX .
Hence by Theorem 3.17 there are n-equivalences in Tanwg
DiscnX ← QnDiscnX = QnGnX → GnX .
On the other hand by Proposition 5.4 there is an n-equivalence in Tanwg,
GnX → X . So by composition we obtain n-equivalences
DiscnX ← QnDiscnX → X
as required.
c) This follows from the fact that the same is true for Gn and Dn. 
Corollary 6.9. The functors
Qn : Ta
n ⇆ Catnwg : Discn
induce an equivalence of categories after localization with respect to the
n-equivalences
Tan/∼n ≃ Catnwg/∼
n
Proof. Let X ∈ Catnwg. By by Theorem 3.17 and Proposition 5.4 there
are n-equivalences
QnDiscnX = QnDnGnX = QnGnX → GnX → X .
So there is an n-equivalence in Catnwg
QnDiscnX → X .
It follows thatQnDiscnX ∼= X in Cat
n
wg/∼
n. Let Y ∈ Tan. By Theorem
3.17 there are n-equivalences in Tanwg
DiscnQnY ← QnDiscnQnY → QnY → Y .
Composing this with the n-equivalences
Z = GnQnDiscnQnY → QnDiscnQnY
we obtain n-equivalences in Tanwg
DiscnQnY ← Z → Y .
Since Z ∈ FTanwg and DiscnQnY ∈ Ta
n, Y ∈ Tan and FTanwg ⊂ Ta
n, this
is a zig-zag of n-equivalences in FTanwg . Therefore we can apply Dn to
the above zig-zag and obtain a zig-zag of n-equivalences in Tan
DiscnQnY = DnDiscnQnY ← DnZ → DnY = Y .
It follows that DiscnQnY ∼= Y in Ta
n/∼n.

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7. Groupoidal weakly globular n-fold categories
In this section we introduce the category GTanwg of groupoidal weakly
globular n-fold categories and we show that it is an algebraic model of
n-types. This means that weakly globular n-fold categories satisfy the
homotopy hypothesis.
Definition 7.1. The full subcategory GTanwg ⊂ Ta
n
wg of groupoidal
weakly globular n-fold categories is defined inductively as follows.
For n = 1, GTa1wg = Gpd. Note that Cathd ⊂ GTa
1
wg. Suppose
inductively we defined GTan−1wg ⊂ Ta
n−1
wg such that
i) Xk ∈ GTa
n−1
wg for all k ≥ 0.
ii) p(n)X ∈ GTan−1wg .
Lemma 7.2. Let f : X → Y be an equivalence in Tanwg
i) If Y ∈ GTanwg then X ∈ GTa
n
wg.
ii) If X ∈ GTanwg then Y ∈ GTa
n
wg.
Proof. By induction on n. The case n = 1 holds since a category
equivalent to a groupoid is itself a groupoid. Suppose, inductively,
that the lemma holds for n−1 and let f : X → Y be an n-equivalence.
i) For each a, b ∈ Xd0 the map
f(a, b) : X(a, b)→ Y (fa, fb)
is a (n − 1)-equivalence in Tan−1wg with Y (fa, fb) ∈ GTa
n−1
wg . So by
induction hypothesis X(a, b) ∈ GTan−1wg . Since
X1 =
∐
a,b∈Xd0
X(a, b)
it follows that X1 ∈ GTa
n−1
wg . We also have
X1×Xd0 X1 =
∐
a,b,c∈Xd0
X(a, b)×X(b, c)
so thatX1×Xd0 X1 ∈ GTa
n−1
wg . Similarly one can show thatX1×Xd0
k
· · ·×Xd0X1 ∈
GTan−1wg for all k ≥ 2. In conclusion, Xk ∈ GTa
n−1
wg for all k ≥ 0.
By definition there is a (n− 1)-equivalence
p(n)f : p(n)X → p(n)Y
with p(n)Y ∈ GTan−1wg since by hypothesis Y ∈ GTa
n
wg. Hence by in-
ductive hypothesis p(n)X ∈ GTan−1wg . We conclude that X ∈ GTa
n−1
wg .
ii) The proof is completely similar to one of i).

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Remark 7.3. It follows immediately from the definition of GTanwg that
the embedding
Jn : Ta
n
wg →֒ [∆
n−1op,Cat ]
restricts to the embedding
Jn : GTa
n
wg →֒ [∆
n−1op,Gpd] .
Since p = q : Gpd → Set it follows that for each X ∈ GTanwg there is a
morphism, natural in X ,
X → d(n)p(n)X .
Definition 7.4. The category GCatnwg ⊂ Cat
n
wg of groupoidal weakly
globular n-fold categories is the full subcategory of Catnwg whose objects
X are in GTanwg.
The category GTan ⊂ Tan of groupoidal Tamsamani n-categories is
the full subcategory of Tan whose objects X are in GTanwg.
Remark 7.5. The following facts are immediate from the definitions:
a) X ∈ GCatnwg (resp. X ∈ GTa
n) if and only if for each k ≥ 0
Xk ∈ GCat
n−1
wg (resp. Xk ∈ GTa
n−1) and p(n)X ∈ GCatnwg (resp.
p(n)X ∈ GTan−1).
b) Let f : X → Y be an n-equivalence in Tanwg and suppose that
Y ∈ GTanwg. Then if X ∈ Cat
n
wg it is X ∈ GCat
n
wg and if X ∈
Tanwg then X ∈ GTa
n
wg. Similarly if f is an n-equivalence in Ta
n
wg
and X ∈ GTanwg.
Corollary 7.6. The following facts hold:
a) The functor
Qn : Ta
n
wg → Cat
n
wg
restricts to a functor
Qn : GTa
n
wg → GCat
n
wg
such that for each X ∈ GTanwg there is a n-equivalence in GTa
n
wg
sn(X) : QnX → X.
b) The functor
Discn : Cat
n
wg → Ta
n
restricts to a functor
Discn : GCat
n
wg → GTa
n
such that for eachX ∈ GCatnwg there is a zig-zag of n-equivalences
in GTanwg between X and DiscnX.
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Proposition 7.7. The functors
Qn : GTa
n ⇆ GCatnwg : Discn
induce an equivalence of categories after localization with respect to the
n-equivalences
GTan/∼n ≃ GCatnwg/∼
n .
Proof. Let X ∈ GCatnwg. As in the proof of Corollary 6.9 there is an
n-equivalence in Catnwg
QnDiscnX → X .
Since X ∈ GCatnwg, by Remark 7.5, QnDiscnX ∈ GCat
n
wg, so this is an
n-equivalence in GCatnwg. It follows that
QnDiscnX ∼= X
in GCatnwg/∼
n.
Let Y ∈ GTan. By the proof of Corollary 6.9 there is a zig-zag of
n-equivalences in Tan
DiscnQnY ← DnZ → Y .
Since Y ∈ GTan, from Remark 7.5 DiscnQnY ∈ GTa
n and DnZ ∈ GTa
n
so that this is a zig-zag of n-equivalences in GTan. It follows that
DiscnQnY ∼= Y
in GTan/∼n. 
Corollary 7.8. There is an equivalence of categories
GCatnwg/∼
n ≃ Ho (n-types) .
Proof. By [37] there is an equivalence of categories
GTan/∼n ≃ Ho (n-types) .
Hence by Proposition 7.7 the result follows. 
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